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Strongly mixing operators on Hilbert spaces and 

speed of mixing 

Vincent DEVINCK 


Abstract 

We investigate the subject of speed of mixing for operators on infinite dimensional Hilbert 
spaces which are strongly mixing with respect to a nondegenerate Gaussian measure. We 
prove that there is no way to find a uniform speed of mixing for all square-integrable 
functions. We give classes of regular functions for which the sequence of correlations 
decreases to zero with speed n~ a when the eigenvectors associated to unimodular eigen¬ 
values of the operator are parametrized by an a-Holderian T-eigenvector held. 
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1 Introduction 

In this paper, we will be interested in the dynamics of a bounded linear operator T acting on 
a complex separable infinite dimensional Hilbert space from the measure-theoretic point 
of view, and more precisely in the strong mixing property of T. The study of strongly mixing 
operators on infinite dimensional spaces was begun in 2006 by Bayart and Grivaux in [2] 
where they give conditions on T so that T admits a nondegenerate Gaussian measure m 
with respect to which it defines a strongly mixing transformation on (77, m). In a second 
work, they extended this result when the underlying space is a complex separable Banach 
space of type different from 2 (see i). The idea of studying a linear operator from the 
measure-theoretic point of view is that measurable dynamics and topological dynamics are 
connected: if an operator T acting on some complex separable infinite dimensional Banach 
space X turns out to be ergodic with respect to some nondegenerate measure, then the 
operator is hypercyclic, that is there exists a vector x in the space X such that the orbit 
Orb(x, T ) = { T n x ; n > 0} of x under the action of T is dense in X. Building from the work 
in [2] and [3], our aim is to study the convergence to zero of the correlations in the definition 
of the strong mixing property. 

All the definitions on ergodic theory can be found in [TSj. The first important concept is 
that of measure-preserving transformation. 

Definition 1.1. Let ( X,B,m ) be a probability space. We say that a measurable map 
T : (V, B, m) —> ( X , B, m ) is a measure-preserving transformation if for any measurable set 
A in B, we have m(T~ 1 (A)) = m{A). 

To begin with, we should recall the fundamental notion of ergodicity. 

Definition 1.2. Let (X,B,m) be a probability space. We say that a measure-preserving 
transformation T : ( X , B, m) — > ( X , B, m ) is ergodic if one of the two equivalent conditions 
is satisfied: 

(i) for every measurable set A in B, if T -1 (A) = A, then m(A) = 0 or m(A) = 1; 

(ii) for every functions f,g in L 2 (X,B,m), 
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f{T n x)g{x) dm(x ) 
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We now define the central notion of the paper which is a stronger notion than ergodicity. 


Definition 1.3. Let (X,B,m) be a probability space. We say that a measure-preserving 
transformation T : ( X,B,m ) —> ( X,B,m ) is strongly mixing if one of the two equivalent 
conditions is satisfied: 

(z) for every measurable sets A : B in B, m{T~ n {A) n B) —> m(A)m,(B ); 


(ii) for every functions 


j i y 


By the speed of mixing, we refer to the speed with which the correlation of order n between 
f and g 

Zn(f,g)--=[ f{T n x)g{x)dm{x) - f f dm [ g dm (1.1) 

Jx Jx Jx 

converges to zero as n goes to infinity, where / and g belong to L 2 (X, B, m). 

The fundamental notions of ergodicity, weak mixing (see the definition in |2]) or strong 
mixing in ergodic theory are very studied when we deal with transformations on compact 
sets (for more on the compact setting, see [9]). The notion of speed of mixing when the 
transformation is strongly mixing on a compact set K is systematically studied and the way 
of computation depends on the structure of the compact set K (see for instance 
m or D2D- It is proved in these papers that, in the situations studied here, the sequences 
of correlations decrease to zero with exponential speed when dealing with some classes of 
regular functions. 

Troughout this paper, di is a complex separable infinite dimensional Hilbert space, with 
Borel a-algebra B generated by the bounded real linear functionals 91e(x, •) : T~l —>■ R, where 
x is a vector of H. It is equipped with a scalar product (u, v) which is assumed to be linear 
with respect to v and conjugate-linear with respect to u and we adopt the convention that all 
the scalar products which appear in the paper have this property. The algebra of bounded 
linear operators on the Hilbert space di is denoted by B(T-l). Finally, T stands for the set of 
all complex numbers of modulus 1 and g is the normalized Lebesgue measure on T, that is 

d» = f- 

The starting point of our investigation here is Theorem 3.29 of [2] which says that for 
a bounded linear operator T on "H whose eigenvectors associated to unimodular eigenvalues 
are ^-spanning (Definition 12.31) , there exists a Gaussian measure m on (Definition 12.21) 
for which T : (fK,B,m) —> (1~L,B,m) is a strongly mixing transformation. It is the object 
of Section 2 to recall the main definitions and ideas around this result which will be useful 
in our work. In particular, the parametrization of these eigenvectors by T-eigenvector fields 
('Definition 12.61) in a regular way ('Assumption 12.81) gives us the first basic result about speed 
of mixing (Proposition 12.91) which is the kind of result we would like to generalize to a 
broader class of functions than bounded linear functionals on di. We also give examples of 
strongly mixing operators on Hilbert spaces where the T-eigenvector field is directly given 
in a regular way (Examples 2.11, 2.12, 2.13 and 2.14) and where Assumption 12.81 is satisfied. 
From the examples of a-Holderian T-eigenvector fields arises a natural question (Question 
12.151) : can we find a Hilbert space and a bounded linear operator on it which admits a T- 
eigenvector field which is Holderian for a fixed Hblder exponent? We give a positive answer 
to it (‘Theorem 12.161) . From now on, let T denote a bounded linear operator on the Hilbert 
space B. whose eigenvectors associated to unimodular eigenvalues are /z-spanning (Definition 
12.31) and are parametrized by a T-eigenvector field E (Definition 12.61) which is a-Holderian 
(a € (0,1]). 

Our main problem is to study the convergence to zero of the sequence of correlations 
m for any functions / and g in L 2 {H,B,m). A first natural question is to wonder if there 
exists a sequence of positive real numbers (s n ) nS N going to zero as n goes to infinity such 
that 

|2-n(/>5 f )| < Cf t9 s n for any functions / and g in L 2 (T-l,B,m), (1-2) 
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where the positive constant Cf a only depends on / and g. In this case, we will say that the 
correlation T n (f. g) goes to zero with speed s n . 

In Section 3, we give an answer to the problem (11.21) and we prove that there is no way 
to have a speed of mixing in the whole space L 2 (7i, B,m) (Theorem 13.41) . 

Sections 4 and 5 are devoted to study the problem (11.21) for functions / and g which 
belong to some classes of regular functions in L 2 (7-L,B,m). In Section 4, we explain a way 
of computation of the correlations by considering an orthogonal decomposition of the space 
L 2 (7~i,B,m) which is given by the theory of Fock spaces. We then make some smoothness 
assumption on our functions (condition (15.11) 1 and we prove that the Fourier coefficients 
of such a function / have an integral representation (Lemma 15.21) which yields naturally a 
sequence of useful multilinear forms associated to the components of / in its decomposition 
as Wiener chaos (HUD- After proving several useful estimates involving these multilinear 
forms, we prove the main theorem of the paper (Theorem 15. 19jl on the rate of mixing for 
some classes of regular functions. More precisely, we define two classes X and y of regular 
functions in L 2 (7~L,B,m) having the property that for any / € X and g € y there exists a 
positive constant such that for any n > 1, \l n (f,g)\ < Cf^n~ a . We finally give some 
applications of this result by exhibiting concrete functions which belong to our classes X and 

y. 


2 A known result about strongly mixing operators 

We present here a result which is for us the starting point for the question of speed of mixing. 
It gives a condition for an operator to admit a measure for which the operator is strongly 
mixing. Before stating the theorem, we need to recall some definitions and facts about 
Gaussian measures on complex Hilbert spaces. All the definitions and facts on Gaussian 
measures stated below can be found in one of the references |5] or [lDj . Even if the notion 
of Gaussian measure can naturally be developped in the Banach space setting, we will stay 
in the Hilbert case since our method to get a speed of mixing is purely Hilbertian (for 
the definitions in the Banach case, see for instance 0 ). Furthermore, Bayart and Matheron 
proved in a recent paper ( [3] ) that the result of this section we are going to present (Theorem 
12.41) is also true when the space is not a Hilbert space with the weaker conclusion that the 
operator is a weakly mixing transformation. 

2.1 Gaussian measures on Hilbert spaces 

First, we have to introduce complex Gaussian distribution. For any a > 0, let us denote by 
7 ff the centred Gaussian measure on M with variance a 2 , that is 

= — -j= e~ l / 2<J dt. 
crv 2 vr 

Definition 2.1. Let (H, X, P) be a probability space and / : (H, J-, P) —> C be a complex¬ 
valued measurable function. Then we say that / has complex symmetric Gaussian distribu¬ 
tion if either / is almost surely equal to zero or the real and imaginary parts 91c / and 9m / 
have independent centred Gaussian distribution with the same variance. 

In other words, a nonzero random variable / has a complex Gaussian distribution if and 
only if its distribution is 7 a ® 7 a for some a > 0. 

It is important to note that if / has complex symmetric Gaussian distribution then so does 
A/ for any complex number A. In particular, / and A/ have the same distribution when A 
is a complex number of modulus 1 . 

Definition 2.2. A Gaussian measure on "H is a probability measure m on 7i such that for 
every vector x of 7~L, the bounded linear functional ( x , •) : y 1 — (x, y) has complex symmetric 
Gaussian distribution when considered as a random variable on (7~L,B, m). 
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For a random variable / : (R,B,m) —> C, we denote by var m (f) its variance with respect 
to m, that is 


var, 


,(/) == / 

Jh 


\f{z)\ 2 dm(z) - 


L 


f(z) dm(z) 


and in the special case where / = 9dc(x, •) is a bounded real linear functional, we denote the 
variance of / by 

■= [ (9ac (x,z)) 2 dm(z). 

JH 


A fundamental result is that a Gaussian measure m on R has finite moments of all orders. 
In particular, the quantity 


\x\ 


H 


dm(x ) 


( 2 . 1 ) 


is always finite. 

In order to study the properties of a Gaussian measure m, we introduce its covariance 
operator R m which is defined on R by the following equation: 


(RmX,y) = / (x, z)(y, z) dm{z) 

JH 

for every vectors x,y of R. According to (12.11) . R, rn is a bounded linear operator which is 
self-adjoint and positive. Furthermore, R m is of trace class. In fact, the Gaussian measure m 
is completely determined by its covariance operator R m : if I? is a bounded linear self-adjoint 
positive operator which is of trace class, then there is a unique Gaussian measure on R whose 
covariance operator is R (see [5], Chapter 5). 

In the sequel, we need some factorization of the covariance operator R of a Gaussian measure 
m. Since R is a positive operator, it admits a square root, that is there exists a unique pair 
(' R,K ) consisting in a separable Hilbert space R and a bounded linear operator K : R — > R 
such that R = KK*. By the uniqueness we mean that if R is another Hilbert space and 
K\ : R —>• R is such that R = K\K *, then there is an isometry V : H —>• R such that 
I<\ = KV*. 


2.2 The result 

It is now time to state the result which provides strongly mixing operators with respect 
to a Gaussian measure. We need to point out the main ideas of the proof which will be 
fundamental in the sequel. The condition for the operator to be strongly mixing with respect 
to a Gaussian measure is to have sufficiently many eigenvectors associated to unimodular 
eigenvalues. All the definitions and facts of the present section can be found in 0, m (or 
the book [5] for a summary). 

Definition 2.3. Let T £ B(R). We say that the eigenvectors of T associated to unimodular 
eigenvalues are y-spanning if for every ^-measurable subset A of T such that y(A) = 1, the 
eigenspaces Ker(T — A), A € A, span a dense subset of R, where y is the normalized Lebesgue 
measure on T. 

The result that we are going to start with is the following (see for instance m and is due 
to Bayart and Grivaux. 

Theorem 2.4. LetT £ B(R). If the eigenvectors ofT associated to unimodular eigenvalues 
are y-spanning, then there exists a nondegenerate invariant Gaussian measure rn on R such 
that T : ( R,B,m ) —> ( R,B,m ) is a strongly mixing transformation. 

Since a Gaussian measure is completely determined by its covariance operator, the idea 
of the proof of this theorem is to construct directly the covariance operator R. Moreover, 
the positivity of a covariance operator shows that we only need to build its square root 
K : R — R, where R is a separable Hilbert space to determine. When I? is a covariance 
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operator, we will denote by m the probability measure associated to the operator R (or 
equivalently to K). Recall that the measure m is said to be nondegenerate if m{U) > 0 for 
every nonempty open subset U of TL. Then, the following fact, which is proved in |5], collects 
the main steps of the proof of Theorem 12.41 

Fact 2.5. Let T € B(TL). 

(i) If K is a Hilbert-Schmidt operator, then m defines a Gaussian measure on H (in fact, 
this is also a necessary condition). 

We now assume that m is a Gaussian measure. Then we have: 

(ii) the probability measure m is nondegenerate if and only if the operator K has dense range; 
(Hi) the probability measure m is T-invariant if and only if there exists a co-isometry V : 
TL —> H such that the intertwining equation 

TI< = I\V (2.2) 


is satisfied; 

(■ iv) when the above conditions are realized, the operator T is strongly mixing with respect to 
the Gaussian measure m if and only if for every vectors x,y in H, 

(RT* n x, y) —» 0. 

n—>-+oo 

With this result in hands, it remains to exhibit the operators K : H — > H and V : 
TL — > TL which make the intertwining equation (12.21) true. They are defined by using the 
eigenvectors of T associated to the unimodular eigenvalues. We first need to introduce some 
terminology. 

Definition 2.6. Let T € B(TL). A bounded map E : T —■> TL such that E( A) belongs to 
Ker(T — A) for every A in T is called a T-eigenvector field for T. 

The definition of the operator K comes from a parametrization of the eigenvectors of T 
associated to unimodular eigenvalues which is based on the following fact (see [2], Lemma 
3.17). 

Fact 2.7. There exists a countable family (Fj), e / of T-eigenvector fields for T such that 
Ker(T — A) = span w [-E)(A); i € I] for every A in T. 

For our purpose, we can assume that we have a unique T-eigenvector field E for T (see [5J 
for the general setting). Then, under the assumption that the eigenvectors of T associated 
to the unimodular eigenvalues are /x-spanning, the following operators K : TL —> TL and 
V : TL —> TL defined on the separable Hilbert space TL = L 2 ( T, fi) as 

Kf = [ f(X)E(X) dy( A) and Vf( A) = A/(A) 

J T 

satisfy Fact 12.51 Moreover, the adjoint operator K* : TL —> L 2 (T,n) of K is given by 

K*x = (x,E(-)) 

for every vector x of TL. In order to prove that T is strongly mixing with respect to the 
Gaussian measure m associated to K, it is crucial to see that ( RT* n x , y) is a Fourier coeffi¬ 
cient. Indeed, it is proved in Lemma 3.23 of [2] that for every vectors x, y of TL we have the 
following integral representation: 

(RT* n x, y)= [ X n (x, E(X))(y,E(X)) dy( A) = jffif y (n) (2.3) 

Jt 

where 

dy x , y ( A) = (x,E(X))(y,E(X)) djx(X), 
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which is a consequence of the intertwining equation (12.211 . It is obvious that the normalized 
Lebesgue measure on T is a Rajchman measure (that is the sequence (/i(ra)) ng z of its Fourier 
coefficients tends to zero as |n| goes to infinity). Since the measure g XjV is absolutely con¬ 
tinuous with respect to g, it is also a Rajchman measure (see m and the strong mixing 
property follows. 

We now want to give another proof of the convergence to zero of the sequence (( RT* n x , y)) n eN 
by making some regularity assumption on the T-eigenvector field E. The additional assump¬ 
tion will provide a speed of convergence of this sequence and we will see in the examples 
that this condition of smoothness arises naturally. 

Assumption 2.8. There exists a real number a in (0, 1] such that the T-eigenvector field 
E is a-Hblderian, that is there exists a constant C{E ) > 0 such that 

\\E(e ie ) - E(e ie ')\ \ < C{E)\6-0'\ a 

for any 0,9' in [0,27r). 

The next result on the convergence to zero of the sequence of correlations (( RT* n x, y)) n & n 
explains the initial motivation of the paper. 


Proposition 2.9. There exists a positive constant C(E,a ) which only depends on E and a 
such that, for every vectors x,y ofTL, we have 


\(RT* n x, y)\ < 


C(E,a ) ||x|| ||y| 
n a 


for any positive integer n. 


Proof. To do this, we use a very classical argument which can be found in [12] (Chapter 1). 
For x,y € TL, we consider the function f XjV : 9 i —> {x,E(e l6 ))(y,E{e ie )). By a change of 
variable in the integral representation (12.31) . we find that 

(RT* n x,y) = (/,.,«>) - /,,,(<> + ff 

Since E is a-Holderian with Holder constant C(E), the function f xy is also a-Holderian and 


II fx,y(e) - f x ,y(9')\\ <2 C(E)\\x\\ ||y|| \0 - 0'\ a 


for any 9,9' in [0, 2tt). Then the conclusion easily follows with the constant C(E,a ) := 
C(E)ir a . □ 

Motivation 2.10. This proposition shows that, by taking / = (x,-) and g = (y, •), the 
sequence of correlations (X„(/, y)) n eN goes to zero with speed n~ a since 

m/.») i s 

for any positive integer n. Thus, it is natural to wonder if there exists a uniform rate of 
mixing in L 2 (H,B,m). For instance, have we got a convergence to zero of the sequence of 
correlations (l n (f, y))neN with speed n~ a for any functions f,g in L 2 (?t,H,m)? 


2.3 Examples 

In order to illustrate the previous subsection, let us give examples which show that the g- 
spanning condition is rather easy to check in general. In practice, the T-eigenvector field 
is usually directly given with a regular parametrization. We will also construct a bounded 
linear operator on a Hilbert space which admits an a-Holderian T-eigenvector field for a 
fixed Holder exponent a. We denote by (e n ) n >o the canonical basis of £2(Z+)- 
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Example 2.11. Let w be a complex number such that |u/| > 1 and B be the classical 
backward shift on i 2 (Z + ), that is Be 0 = 0 and Be n = e n -\ when n is a positive integer. 
The eigenvectors of wB associated to the unimodular eigenvalues are E( A) := X^ n >o 
where A belongs to T. It is proved in [2] (Example 3.3) that (E(X))\ & j is /i-spanning. 
Furthermore, the map E : T —> ^ 2 ( 2 +) is a T-eigenvector field for wB which is a vector¬ 
valued analytic function. 

Example 2.12. We deal with an operator which has been introduced by Kalisch in DU: it 
is the so-called Kalisch-type operator T defined on L 2 ([0,27r]) by the formula 

Tf(9) = e id f(9)- [ ie u f(t) dt 
Jo 

for any / in L 2 ([0, 2w]). For any a in [0, 2 tt), let E{e ia ) := l( Qi 27 r)- Then E(e’ ia ) is an 
eigenvector of T associated to the unimodular eigenvalue e ia and it is proved in [3] (Example 
3.11) that (E(e* a )) Q , g [o, 27 r) is //-spanning. In particular, the map E : T —> L 2 ([0, 2ir\) is a 
T-eigenvector field for T which is ^-Holderian since for every 0 < a < (3 < 2n, 

( o do \ 

||E( e “)-E(e i ' i )|| 2 = (j | E( e ”)(9)-E(e^)(«)| 2 —) =(0-a) 1 ' 2 . 


Example 2.13. For a bounded sequence of positive real numbers w = (w n ) n >i, we define 
the weighted backward shift B w on ^(2+) by U w e 0 = 0 and B w e n = w n e n -\ when n is a 
positive integer. For the particular sequence w where w\ = 1 and w n = when n > 2, the 
weighted backward shift B w admits a //-spanning T-eigenvector field which is ^-Holderian. 

Proof. It is already known from [2] (Example 3.21) that the T-eigenvector field E : T —> 
1*2 (Z + ) which is defined by 


E(A) := E 

n> 0 


X n 

Cn 

Wi-..W n 


eo+E 

n> 1 


X n 



is //-spanning. Now, for every A, £ in T, we have 


I \n _ 

mx)-Emi = Yl- —r- 

z — J n z 

n> 1 


v ka 

n 2 


Then, if we introduce the 27r-periodic function / : [0, 27r[ 

|g£n0 _ -jj2 /^-2 

n> 1 


by setting 


m ■■= E 


n* 


/ 7T" cos(n$) 

\ 77,2 

n>l 


we can check that f(0) = 7 r$ — for every 9 in [0, 2tt[. In particular, f(9) behaves like 7 t9 
when 9 is closed to zero. We deduce from this that / is a Lipschitz function and then that 
E is ^-Holderian. □ 

Example 2.14. In the same way as in the previous example, we consider the weighted 
sequence w such that w\ = 1 and w n = (^rj) h for n > 2, where k > |. The weighted 
backward shift B w admits a //-spanning T-eigenvector field which is a Lipschitz function. 


Proof. We define the T-eigenvector held E for B w as in the previous proof: 


m ■■= E 

n> 0 


x n 

Cn 

W! ...W n 


eo + E 

n> 1 


W 

n K 
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and it is already known from [2] (Example 3.21) that E is //-spanning. Moreover, for every 
A, f in T, we have 


I \ n _ p', 

l|s(A)-£(OIII = E L -^l- 

n> 1 


n>l 


X n - 1^0 + X n - 2^1 + . . . + A 0 ^*- 1 
U 2k 



and we conclude that E is a Lipschitz function since the series Xm>i n 2k+2 is convergent 
by definition of k. □ 


From the above examples arises the next natural question. 


Question 2.15. If a is any fixed number in (0,1], can we find a separable complex Hilbert 
space and a bounded linear operator on this space which admits a //-spanning T-eigenvector 
field which is exactly a-Holderian (that is a-Holderian and not /3-Holderian for any (5 > a)? 

Refining Example 12. 141 we can solve this problem. This positive answer is essentially due to 
the referee (originally, it was a partial answer). 

Theorem 2.16. Let a be a real number in (0,1]. There exists a sequence of positive real 
numbers w = (w n ) n > i such that the weighted backward shift B w E B(£ 2 (Z+)) admits a T- 
eigenvector field which is exactly a-Holderian and p,-spanning. 

Proof. For a = 1, the problem has already been studied in Example 12. 141 Let a E (0,1) and 
k = a + 7j. Our goal is to prove that there exists a weighted backward shift on £2 (Z + ) which 
admits a T-eigenvector field which is exactly a-Holderian and //-spanning. As in Example 
12.141 we consider the weighted sequence w such that w\ = 1 and w n = (^rx) h for n > 2 and 
we define the T-eigenvector held E for B w by setting 


E{ A) := E 


-&n — 


n> 0 


Wi...W r 


eo + E 


n> 1 


7T 


It is already known from [2] (Example 3.21) that E is //-spanning. We prove that E is not 
better than a-Holderian. Let N be an even positive integer and Xn = e m / N . Then there 
exists a positive constant C (which not depends on N) such that |A^ — 1| > C > 0 for any 
k E {N, ..., 31V/2}. Then we have 


3N/2 


||£(W) - £(1)||| > £ 


n=N 
37V/2 

>c‘Y. 


1 


n 


2a+l 


> c- 


n=N 

3-/V/2+ 1 dt 


7 

JN 


CP( 


t 2a + l 2a \N 2a (3N/2 + \) 2a 


and we conclude that there exists C a > 0 (which only depends on a) such that 

||£(A K ) - E(1)||I > -A- > _Ll_| A a , _ ir 

This proves that the T-eigenvector held E is not better than a-Holderian. We now prove 
that E is a-Holderian. We just need to prove that E is a-Holderian at 1 (since |A” — £ n | = 



















|(A£) n — 1| for every A,£ € T). We write [x\ to denote the integer part of the real number 


x. Let A E T \ {1} (close to 1) and we put N = 


i 


N I \ra _ -I |2 vtxj 

II^(A)-^(1)II 2 = E^TW+ E 

n=1 n=N +1 

:=5 1 (A)+5 2 (A) 

where we denote the first sum by <Si (A) and the second one by S 2 (A). We estimate Si (A) by 
using the inequality |A n — 1| < n|A — 1|: 

N 


|A—1|_ 

|2 +°° 


. Then we have 
|A n — 1| 2 


n 


2a+l 


5i(A)<|A-l| 2 X;^ri 


71=1 


and 


n=l n=l J1 

-p-*»>/"( E 1 

K t<n<N 

= (1 — 2a) (N — lAl)^; + N, 


dt 


Putting {i} for the fractional part of t (that is {f} = t — we get 


N 

E 

n=l 


i 


2a—1 


n 


= N 


< 


1 


]y2a-l 

1 


-1 - 


1 - 2 af 1 


2-2a I N 2a ~ 2 


— + (1 — 2a ) £2a-l dt + N 


+ 


1 - 2a 


2-2a 


+ 


1 - 2a 


2-2a 


1 


]y2a-2 


+ 1 


(2 - 2 a)N 2a ~ 2 

It easily follows that there exists a positive constant D a such that 

Si(A) < D a \X — l| 2a . 

We then estimate S 2 (A) by using the inequality | A — 11 <2 and we get 


+0O j />_ 

52(A) < 4 ^ < 4 y 

n=JV+l 


+°° dt 2 
t 2a+1 ~ aN 2a 


and there exists a positive constant E a such that S 2 (A) < E a |A — l\ 2a . Finally, we conclude 
that the T-eigenvector field E is a-Holderian, which concludes the proof of Theorem l2.161 □ 


3 A negative result 

The aim of this section is to show that, given a bounded linear operator T on T~L whose eigen¬ 
vectors associated to unimodular eigenvalues are parametrized by a /i-spanning T-eigenvector 
field, there is no uniform rate of decrease of the sequence of correlations for every functions 
in L 2 (%, B, m). 

Since the covariance operator R is a positive trace class operator, the Hilbert space T~i has an 
orthonormal basis (e n ) n( =N consisting of eigenvectors of R. Thus Re n = \ n e n where A n > 0, 
tr R = Yln> 1 'Vi < +00 and one can easily shows that A n = 2 a 2 , where a 2 is the variance 
of the Gaussian random variable 91e(e n ,-) with respect to the measure m. The following 
property of this basis is fundamental for the sequel. 
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Proposition 3.1. The sequence of random variables ({e k ,-))keN Is orthogonal in the space 
L 2 (R 1 B,m). In fact, the complex Gaussian variables (eh,-) are independent. 

Proof. Since (efc)fceN is an orthogonal sequence of eigenvectors of R, {Re k ,ef) = 0 for every 
distinct positive integers k and I. Hence, the first statement holds by definition of R. 
Furthermore, the independence comes from the fact that for any distinct positive integers k 
and £, the real Gaussian variables 91c (e k , •) and 3m (e k , •) are independent from 9tc(e^, ■) and 
3m(e£, •) since they are orthogonal real Gaussian variables. Indeed, the covariances of these 
real Gaussian variables are computed in the following lemma which is a consequence of the 
rotation invariance of a Gaussian measure (see [3], Section 3). 

Lemma 3.2. For every vectors x, y ofFL, we have 

(91c(x, ■), 9 \t(y, ■)) La(ro) = (3m(x, •), 3m (y, -» i2(m) = ^9 \t(Rx, y) (3.1) 

and 

<3m(®, ■), 9 \t{y, -)) L2(m) = -<9le(s, ■), 3m (y, -}) L2(m) = -3m (Rx, y). (3.2) 

□ 

The integral representation of the correlations (12.31) gives us the corresponding result in 
L 2 (T,p). 

Corollary 3.3. The sequence of functions [(e k , E(-))) k ^ is orthogonal in L 2 (T,p) and 

[ \(ek,E(X)}\ 2 dy.(X) = f \ (e k , x)\ 2 dm(x) = 2a\ 

J T Jn 

for any positive integer k. 

We now introduce the complex Gaussian space 

G c -.= span i2 ^’ B ’ m )[(e fc ,-); fc€N], 

This subspace is called Gaussian in the sense that any function in Gc has complex symmetric 
Gaussian distribution. We can now prove the main result of this section. 

Theorem 3.4. Let T e B(R) be a bounded linear operator on FL whose eigenvectors as¬ 
sociated to unimodular eigenvalues are parametrized by a p-spanning T -eigenvector field E. 
Then, for every null sequence (s n ) ne ^ of positive real numbers, there exists a function f in 
Gc such that 

\MTf)\>Sn 

for any positive integer n, where f denotes the function x \—> f{x). 

Proof. Since the random variables (e k , •) are orthogonal in the space L 2 (FL,B,m) by Propo¬ 
sition EQ for every function / in Gc we can find a sequence of complex numbers (a k )k£N 
such that 

+oo 

f = a k (e k , •) with ^ \a k \ 2 <7 2 k < +oo. 
k >1 k =1 

Now the random variable / is centered and then the integral representation (12.31) gives us 

Zn(f,f)= ^ aTae (e k ,T n x)(e £ ,x) dm(x) = ^ aTai{RT* n e k ,et) 

N 2 (M)eN 2 

= aj^at f X- n (e k ,E(X))(e e ,E(X))dp(X) = (V n (foE)JoE) L2{T ^ 

(M)e N 2 
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that is {Zn(f,f) ; n E N} is the weak orbit of the vector / o E under the action of the 
operator V of multiplication by the variable A on L 2 (T,g). Then we consider the closed 
subspace of L 2 ( T,/x): 

£ = span i2(T ’ /i) [(e k ,E(-)) ; k € N]. 

Since E( A) is an eigenvector of T associated to the eigenvalue A, the subspace £ of L 2 (T, /x) is 
^-invariant. At this stage, we apply a result of [T] due to Badea and Muller which deals with 
the speed of convergence to zero of the weak orbits ((S n x, y)) nS N of an operator S such that 
S n —> 0 in the weak operator topology. In particular, it is proved in [1] that if S is a bounded 
linear operator on a complex Hilbert space H with spectral radius equal to 1 such that 
S n —> 0 in the weak operator topology, then for any sequence (s n )n>i of positive numbers 
which decreases to zero, we can find a vector x in H such that \(S n x, x)\ > s n for any positive 
integer n. Applying this result here, we get that for any sequence (s n ) n >i of positive numbers 
which decreases to zero there exists a function fg in £ such that \(V n / e, /e)— s n 
for any positive integer n. We expand Je as 


+oo 

/e = y^a k (e k ,E(-)) with ^ |a fc | 2 o\ < +oo, 

k >1 k =1 

and we conclude that / = Ylk >l a fc( e fc> ■) is a function in Qc which satisfied the conclusion 
of Theorem 13.41 □ 

Remark 3.5. In our work, we consider bounded linear operators which admit only one 
T-eigenvector field E which is ^-spanning. In a more general situation, the T-eigenvectors 
of the bounded linear operator T E B(7~L) are parametrized by a countable family of T- 
eigenvector fields (Fj)j g / (see Fact EZD- Then the operator K is defined on the Hilbert space 
©,; e/ T 2 (T,/x) by 

= y']ajK Ei (fi) where K Ei (fi) = j fi(X)Ei(X) d/i(A) 

iei 

and where is a sequence of positive numbers such that Yliei a l\ 1-^*111 < 00 where 

11^*111 = / T ||^(A)|| 2 dMA) (and we put R := KK* = 7 a'jKE, t In this case, it 

readily follows from the proof of Theorem 13.41 that there is no uniform rate of decrease in 
this situation too. 

This result shows that there is no uniform rate of decrease of the correlations in the whole 
space The rest of the paper is devoted to find a speed of mixing for classes of 

regular functions of L^(R. £>, m) := {/ : R —> K ; /£l 2 (?f,B,m)}. In a first step, we will 
need to compute the correlations I n (P,Q) where P and Q are real polynomials in several 
variables. We can do this by using the Fock space associated to L^('H,B,m). 

4 Orthogonal decomposition of B, m ) 

In this section, we aim to present a way to compute the correlations I n (f,g) for arbitrary 
functions f,g in L^{T-L,B,m). In order to do this, we will first explain the construction of 
the Fock space over a Gaussian subspace of L^{T-L,B,m) and we will establish some helpful 
properties of the orthogonal components of the Fock space before giving the general formula 
for the correlations. 

4.1 Fock space over a Gaussian space 

The theory of Fock spaces will allow us to compute the correlations for arbitrary real functions 
in L 2 ('H,B,m) by using an orthogonal decomposition of this space. We begin by recalling 
some definitions and facts on Fock spaces that will be useful in the sequel; for a thorough 


11 



account see [TO] or m- 

We denote by Z* the set of integers different from zero. In the sequel, we denote by (e^gz* 
the sequence of vectors of T-L defined by 

ti = ei and c_^ = iet 

for any positive integer i. Recall that for any positive integer aj denotes the variance of 
the Gaussian random variables £Rc(e£, ■) = 91e(e£, ■) and 9ac(e_^, ■) = 3m(e^, •): 

crj= (91c (ee,x )) 2 dm(x) = / (9\c(c_^, x}) 2 dm(x) 

Jn Jn 

and we put er 2 ^ := af. We also denote by Q the real Gaussian space 

G = spMi L ^ H ’ B ’ m) [Dit{t k ,-)-,k € Z*]. 

Since B is the cr-algebra generated by the functions in Q , we get by applying the Weierstrass 
Theorem: 

L^(n,B,m) = spEn L ^ n ’ B ’ m) [g k -,g eG,ke Z + \. 

Let G k denote the space of homogeneous polynomials of degree k of elements of G, with 
G° = M. Then the spaces G k are linearly independent (see m , Chapter 8, Lemma 2.3) and 
we can orthonormalize them by the so-called Wick transform. 

Definition 4.1. The Wick tranform : / : of a function / belonging to one of the spaces G k 
is defined in the following way: 

(i) if / is constant, :/:=/; 

(ii) if f £ G k , k > 1, then : / := / — Vk(f), where Vk denotes the orthogonal projection onto 

the closure in B , m) of span^- 7 ; 0 < j < k — 1]. 

We also define : G k : to be the space {: / : ; / E G k }- 

By definition of the Wick transform, we have an orthogonal decomposition of L|,(R, B , m) 
as 

I&(H,B,m) = Q -.G k : 

k> 0 

and a function / in L^ L ('H,B,m) can be decomposed into its so-called Wiener chaos decom¬ 
position 

/ = E?W’ ( 4 -!) 

k>0 

where V.gk. denotes the orthogonal projection onto the space : G k ■■ 

Our aim is to identify the space L^('H,B,m) with the Fock space over G by using this 
decomposition. We define the scalar product on the Hilbert tensor product (ff) k G by 

setting, for every gi,... ,g k , hi ,..., h k in Q, 


(gi ® ® 9k, hi (8) • • • (8) h k )® = {gi,hi) L 2( m ) ... (g k , h k ) L2(m) . 

We then introduce the space G k , which is the range of the projection 

Sym:(g )G^G% 

k 


defined by, for every /i,..., f k in G, 

Sym(/i ® ■ • • ® /fc) = ^ /r(i) ® ® U(k), (4-2) 

re6 fc 

where 6 k denotes the group of permutations of the set {l,...,fc}. For convenience, we 
endow Gq with a new scalar product (•, ■)© by setting 

{f,g)e = k\{f,g)® (4.3) 


for every f,g in G q 
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Definition 4.2. The Fock space T(Q) over G is defined by 

^( 5 ) = © 5 | 

k> 0 

where the sum is an orthogonal direct sum and each Gq is endowed with the scalar product 
(■> ’)©• 

The main interest of this is that the map 

: Q k : —► G% 

■ fi ■ ■ ■ fk ■ h —» Sym(/i <g> • • • ® f k ) (4.4) 

extends uniquely to an isometry from ( : G k (•, •) rF(m)) onto (Gq, ('■>')&) ■ Hence, the 
orthogonal decomposition 

L|(ft,B,m) = ® :G k : 

k> 0 

allows us to make the identification L^(T-L,B,m) = T(G)- 

In order to compute the correlations between two functions in L^(H, B , m), we are now going 
to find a helpful decomposition of the functions V.gk. f which appear in (14.11) . 

4.2 Canonical decomposition in the spaces : Q k : 

It is now time to understand more precisely the spaces : Q k : and to make some computations 
in them. We shall begin with the space : G 1 := G which is of important interest in the rest 
of the paper. The following result ensues directly from Proposition 13.11 and Lemma 13.21 

Corollary 4.3. The sequence of random variables (9tc(efc, ‘)) fcgZ * is orthogonal in the space 
l r('H,B, m). 

Remark 4.4. According to Corollary 14.31 every function / in G can be written in a unique 
way as 

f = ^2 a k D\e(e k , ■) 

fcez* 

where (a k )k£Z* is a sequence of real numbers such that ^fcez* a k a k < +c»- 

It is now time to look more closely at the Wick transform of a polynomial of elements of 

G- 

Proposition 4.5. For any vector x of FI and any positive integer k, there exists a k-tuple 
(ao, ■ ■ ■, Ofc-i) of real numbers such that 

: (94e(x, •)) k := (fRe(x, ■)) k + a k -1 (9\t(x, •)) fc_1 H-h «i 94 t(x, •) + a 0 . 

More precisely, if H k denotes the k th Hermite polynomial, that is 

H k (t ) = (-l)V 2 / 2 |^e- t2 / 2 , 

then we have 

(4.5) 

Proof. The Wick transform of (94e(x’,-)) fc does not depend of the Gaussian space which 
contains 94e(x, •) (see for instance |IU], Theorem 3.4). Then there exists a monic polynomial 
with real coefficients Q k such that 

: (94c(x,-)) fc :=Q k ( 94c(x,-)). 
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By definition of the Wick transform, we know that for every integer j in {0,..., k — 1}, we 
have 



(D\e(x,-)) k : (z)(ftc(x,z)) j dm(z) 



<3fc(£Kc(x, z))(9\z(x, z)) j dm{z ) = 0. 


We now use the fact that the random variable Die(x, •) has Gaussian distribution r / ax and we 
get 


Qk{^xs)s^e s2 / 2 ds = 0 


for any j in {0,..., k — 1}. The conclusion follows from the definition of Hermite polynomials 
o which is the sequence of monic polynomials in the weighted space L 2 (R, e~ s / 2 ds) 
which orthogonalizes the polynomials t k in this space. Indeed, we proved that H k = ') ; 

®x 

that is Qk = <? k Hk{—) and we finally find that 


: (9te(x, -)) fe := Q k (Xt(x, ■)) = a k H k • 


□ 

We now want to give a canonical decompostion of a function belonging to the space : Q k : 
by using the properties of the orthonormal basis (e n ) n ^. To do this, the following lemma 
will be useful. 


Lemma 4.6. For every k-tuples (ji ,..., j k ) and (£\,..., t k ) of integers different from zero, 
we have 



: ,•}... 9\e(t jk , •} : (x) : fKc(c 4 ,•)... <Re(ee k , •) : (x) dm(x) 

= -)>L2 (m) • • • ■)> L2(m) - 

re6 fc 


Proof. This is a consequence of the fact that the map between ( : Q k ',(■,■) l 2 (m)) and 
(el,, (■ , -)o) given by (14.41) is an isometry. So 

^(jij • • • j jk ; h, ■ ■ ■ ,4) 

:= / : ,-)■•• Me(t jk >') : ( x ) '■ ,')■■■ ^(^ 4 , ■) : 0 ) dm(x) 

Jn 

= (Sym(fHe(e jl , ■) ® • • • <8> Kt(e jk , •)), Sym(lKc(e 4 , ■) <8> • • • ® SKc(c 4 , •)) > Q 
= k\ (Sym(fHc(e jl ,-) <g> ■ ■ • <g> fHe(e 4 , ■)), Sym($Ke(e 4 , •) <8> ■ ■ • (8) fKe(e 4 , ■))) 0 

where the last equality comes from (14.31) . By using the expression (14.21) of the function Sym, 
we get by definition of the scalar product (•, •)$ that 


> • • • j Jfc j f-i > • • ■ j ^fc) 

= rf S W'md ’ •) ® ■ ■ ■ ® > •>> ^ e < e 4 ( i) »■)<»••• ® *e<e 4w , -))^ 

i~£&k 

o-e6fe 

i~£&k 


v (Tvc(eji, -),fHe(e 4(1) , -)) L2 ( m ) • • • (^ c ( c 4> ')>^ c ( c 4(fc)’')) L 2 (m)' 
u£& k 


□ 
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This computation allows us to find an orthogonal basis of the space : Q k 

Proposition 4.7. For any positive integer k, an orthogonal basis of the space : Q k : is given 
by the family 

( : 9Tc(cji ,■) ...9\c(t jk ,-) : )( ju ..., jk ) e (z*) k - ( 4 - 6 ) 

ji<—<jk 

Proof. By definition of the space : Q k the only thing we need to prove is that the sequence 
(14.61) is orthogonal. If ji < ■ ■ ■ < jk and l\ <■■■< Ik are two different fc-tuples, then the 
orthogonality of the sequence (91c(e p , -}) p eZ* shows that 

<^ e <ej 1 r),^e<e^ (1) , -)) L2(m) ... -),SHc<e^ (fc) , -)> i2(m) = 0 

for every r G &k and the conclusion follows from Lemma 14.61 □ 

In order to give explicitly the expansion of a function of the space : Q k : with respect to 
the basis (14.61) . we also need to determine the variance with respect to the measure m of an 
element of this basis. 


Proposition 4.8. For every k-tuple (Ji, ■ ■ ■ ,j r ) °f integers different from zero such that 
j !<■■■< j r , and for every k-tuple (Z\,... ,Z r ) of positive integers, we have 

var m [ : (We^, -})' 1 ... (£He(e ir , -)f : ] = If.... Z r \of ... of. 

Proof. Since j\ < ■■■ < j r , the random variables ^(e^, , !SHc(c Jr ,-) are orthogonal. 

The fact below is a particular case of a more general statement which can be found in 
[10 ] (Chapter 3, Theorem 3.20) and which computes the Wick transform of a product of 
orthogonal functions. 

Fact 4.9. Under the assumptions of Proposition we have 

: (94c<c Ji; -» 4 ... (JRe(e ir , -)f :=: -})* 1 : ■ ■ ■ : (9te(e ir , -)f : . 

We know that the random variables £Kc(ej, •) are independent since they are orthogonal real 
Gaussian variables. Since the Wick transform of (9vc(x, •)) p is a measurable function in the 
variable 9Ie(x, •) according to Proposition 14.51 the random variables : (iHc(cj 1 ,-)) £l 
(9te(ej r , ■)Y r : are independent. Then we get 

r r 

var m [: (^(e^, -)) h ... (^c(e jr , -)f :] = JJvax m [: (9Ie(e it , -)) lt :} =JJ £ t'-&f, 

t= l t= l 

where the computation of each variance in the last equality follows directly to Lemma|L6j □ 


According to Proposition 14.71 and Proposition 14.81 we have the following decomposition of a 
function fk in : Q k :. 

Proposition 4.10. A function fk which belongs to : Q k : can be written in a unique way as 


fk- 


fk) 


n,—,Jk 




U i,-Jk)e(z*) k 
ji<—<jk 


(k) 

where the real numbers a) J ■ are given by the formula 

Jlvvfc 

and satisfy the condition 


31,-,3k 


var m [ : 5He(ej i; ■)... 9tc(tj k , ■) : ] 


E l (fc) 12 2 2 , | 

jl<—<jk 


(4.7) 


(4.8) 


(4.9) 
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Proof. The decomposition directly follows from the orthogonality of the family 

(: 91c(c il ,-)...91c(c ife ,-} :) jl <...< jk 

and condition ()4.9f) is a consequence of Proposition 14.81 □ 

So, according to ED and ED, the computation of the correlations of two functions 
in L^fH, B,m) can be reduced to the computation of the correlations between the Wick 
transforms of two homogeneous polynomials. 


4.3 Orthogonality and computation of the correlations 

It is now time to compute the correlations of two functions living in two different spaces 
: Q k : and then of two functions belonging to the same space : Q k :. 

Proposition 4.11. For any vectors x,y of Ji and any nonnegative integers k,£ such that 
k £, we have 

[ : (£Hc(x, •)) k : (1 T n z ) : (£He<y, -)) e : (z) dm(z) = 0 
Jh 

for any nonnegative integer n. 

Proof. With the notations of Proposition 14.51 : (91c(x, • )) k := Qk(9\t{x, •)). Then, we have 
: (£He(s, -)) k : (T n z) = Q*(£Ke<®, • )){T n z) = Q k (Kc(T* n x, -))(z) 

that is 

: (5Re(x, •)) k : o T n =: (91c (T* n x, •)) k : (4.10) 

by definition of the polynomial Q k - The conclusion follows from the orthogonality of the 
spaces : CP :. □ 

From this we can easily deduce the general case. 

Corollary 4.12. For every functions f k in : Q k : and gt in : Q f: : such that k l, we have 
In{fki9e .) = 0 f or an V nonnegative integer n. 

Proof. According to decomposition (14.71) . it suffices to check that for any tuples (ji ,..., j k ) 
and (mi,..., me) of integers different from zero such that ji < ■ ■ ■ < j k and mi < • • • < mg, 
we have 



91c(e J1 ,-)... 91 t{tj k , ■) : ( T n x ) : 91c(c mi ,-)... 91 t(t mt , •) : (x) dm(x) = 0 


for any nonnegative integer n. But the orthogonality follows from Proposition 14.Ill and from 
the multilinear identity 


pir yi (*ji+•••+*>f (4- 11 ) 

3 = 1 r =l jl< — <jr 

which holds true for any elements x\,... ,x p of a unit commutative ring (see for instance 
m, Chapter 1). Indeed, one can rewrite each product 9!e(xi, •) ... 91 t(x k , •) as 

E (Wefe+••• + **,•>)* 

r =1 jl<— <jr 

and the conclusion follows from the linearity of the Wick transform on the space Q k and 
Proposition 14.111 □ 
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Remark 4.13. By using the multilinear identity (I4.11|h the linearity of the Wick transform 
on the space Q k and (I4.10p . we can also prove that for every fc-tuple (ji, ■ ■ ■ ,jk) of integers 
different from zero, 

: Xz(t h , ■}... Kz(z jk , •} : oT =: ^z(T* n z h ,-)... Xz(T* n z jk ,-) : 

which will be useful in the rest of the paper. 

A consequence of Corollary 14.121 is that it suffices to know the values of the correlations 
between two functions which belong to the same space : Q k :. Indeed, if we consider two 
functions / and g in with Wiener chaos decompositions / = ]T fc >o fk and 

g = Ee> 0 ge as i n (ED (with := V.gk.f and gg := V.gt.g ), then the n th correlation 
between / and g becomes 

Zn(/,s) = j:Ufk,9k), 
k> 1 

where the sum begins at 1 since f n fdm = fo and j^gdm = go. In fact, it suffices by 
decomposition (14.7|) to compute the correlations when the functions are Wick transforms of 
homogeneous polynomials of the same degree. 

Proposition 4.14. For every k-tuples (j \,... ,jk) and ... ,1^) of integers different from 
zero, we have 


IH 


: y\z(z jl , ■). . .91e(e 4 , ■) :{T n x ) : 91c(e 4 , •)... 91e(e 4 , •) : ( x ) dm(x) 


reSfe 


for any nonnegative integer n. 


Proof. The beginning of the proof is the same as that of the proof of Lemma [4. 61 We use the 
isometry between ( : Q k • )L 2 {m )) and {G®, (•, •)©), which is given by (14.41) . and Remark 

ECU 

-^(jl 1 ■ ■ ■ ■> jk 'i ^ 1 1 ■ ■ ■ j t-k ) 

:= / : JRe(Cj 1 ,•)... Mc(z jk , •) : ( T n x) : 91e(e 4 ,-)... 9te(e 4 , ■) : (re) dm(x) 

Jh 

= [ :mz{T* n z jl ,-)...Xz(T* n z jk ,-) : (x) : Xz(z h , •) ... £Ke(e 4 , •) : (x)dm(x). 
JH 

By replacing e 4 ,... , z Jk by T* n Zj 1 , ..., T* n Zj k in the proof of Lemma EDr! we find that 

-^(jl 1 ■■■ 1 jk ) ^1 1 1 (-k) 

and the fact above yields the desired conclusion. 

Fact 4.15. For every integers i and j different from zero, we have 

<5Re<T* n e i ,-),JRe<e i ,-)) La(m) = T%>. 

Proof. We already know from (13.11) that 

(94e(T* n e i ,-),91e(c i ,-)) L2(m) = ^e(i?T w e i ,e i ). 

The covariance operator is self-adjoint and Cj is an eigenvector of i? corresponding to the 
eigenvalue 2 cr^. Then the result follows readily. 


□ 
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□ 

By using Proposition 14.141 we are now able to compute the correlations between two 
arbitrary functions in L^(fH,B, m). Since we have no uniform rate of decrease in B , m) 

according to Theorem [231 we need to make some assumptions of regularity on our functions. 
In the next section, we study some of these regularity assumptions and we show that the 
correlations decrease to zero with speed n~ a when we consider square-integrable real-valued 
functions which satisfy these conditions. 

5 Speed of mixing 

We consider here a bounded linear operator T on T~i whose eigenvectors associated to unimod- 
ular eigenvalues are parametrized by a /U-spanning T-eigenvector field E which is assumed to 
be a-Holderian as in Assumption 12.81 We already know from Section 3 that there is no hope 
to find a uniform speed of mixing in the whole space L 2 (7i,B ) m). Then a natural problem 
is to find some classes of functions of L^(7~L,B, m) for which the correlations decrease to zero 
with some speed of mixing. We will exhibit classes of functions for which the speed of mixing 
is exactly n~ a . 

5.1 Speed of mixing for functions in a finite number of variables 

Our first result, which requires no regularity on the functions, gives a speed of mixing by 
considering functions of a finite number of variables. 

Theorem 5.1. Let N be a positive integer and 

f = 0(ifie(e_Ar, •),..., 9!e(eAr, •)), g = ip(<Rc{e- N , ■),..., SKe(ejv, ■)) 

be two real-valued functions which belong to L^(fH,B,m), where : M 2iV —> M. Then 
there exists a positive constant Cm, which only depends on N and a \,..., o\/v, such that 

\Tn(f,g)\ < ^ ||/||L 2 (m) M\I?{m) 

for any positive integer n. 

Proof. In this proof, we deal with the Gaussian space generated by the random variables 
9tc (t£, •) where l € {— N ,..., N} \ {0}, that is 

Qn ■= span[9te(e_jv, Tvc(ejv, ■)]. 

We expand the functions /and g as in (14. 711 by using this Gaussian space and we find that 
/ = E ■■ (£He<e_jv, • )j~ N ■ ■ • (JHe<ejv, ■»*" : 

(i_jv,...,ijv)e(Z + ) 2iv 

where 

ll/lli 2 (m) = E | 2 ®-JV- a -N N • • • a N N < +°°, 

(*- N,■ ■ ■ N ) S(z + ) 2N 

and 

9 = E 9j-N,...j N ■■ (£He<c_jv, •)) j ~ N ■ • • (fHc<Cjv, -)) j " : 

(j-N,-,jN)£(Z+) 2N 

where 

\\9\\l^ m )= E \9j- N ,...,j N \ 2 3 -n'-° 2 1n N ■■■3n\o% n <+oo. 

(ji>-Jjv)e(z+) 2JV 
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Then it follows from Corollary 14.121 that 


+OO 


In(f,g)=Y^ X 


X 


fi-N,--;iN 9j-N,---,3N 


^ 1 (*— JVi-"4jv)G(^+) 2iV (j—N r--!iiv)G(2+) 2JV 
i_jvH-hijv=€ i-ivH- \~3n=£ 

xl n (:(Kc(c- N ,-)y~ N ...(Kc(c Nr )) iN :,:(<Rc(c- Nr )) j - N ...(Kc(c N ,-)y N :). 

We now expand the correlation 

Zn(: (SHe<e_ iVj ■»*-" ... (*He<C 2 v, -)) ijv : (£He<e_jv, ■))*-* ... (Xc(c N , -)) iw :) 

by using the proof of Proposition 14.141 (before Fact 14.15]) . The triangle inequality and the 
proof of Proposition 12.91 show that the absolute value of this correlation is less than i\ . 

There exists a positive constant C such that C~ e < ... a]y for any nonnegative integers 

i-N, ■ ■ ■ j Pv such that i-N + • • • + In = & and then 


+oo 


\ln(f,9)\ <E 

e=\ 


i\ [C(E, a)C 


2i£ 


n 


tOL 


X 


\fi- N ,...,i N \ y/i-N } - ■ ■ ■ *jv! O-" 


N ■■■ a N 


IN 


(^-iV)-^iv)^P+) 2JV 
i-N~\ -h iN=^ 


\A-jv! •. • *at! 


X 


a/j’-At! . . . Jtv! 


(j-N,--- J’jv)G(Z+) 2JV 
1-ivH-hjjv=^ 

By applying the Cauchy-Schwarz inequality, we find that 

I/. 


VJ-jv! • • • jiv! 


X 


i i- N ,...,i N i 


a/z—tv! ... ijy! <7*1^ 


. (X 


,*JV 

TV 


(i_iV r-^iv)£(^+) 2iV 
ivH-l-ijv=^ 


\A-w! 


.In'- 


is less or equal than 


X 


(i— iv J -”5^iv)^(^+) 2 '^ 

i— atH-Hjv=^ 


*_at! • • -in'- 


1/2 


(2NY 


ll/llL 2 (m) V ll/llL 2 (m)- 


. (J' 


JN 

N 


If we do the same thing with the sum corresponding to g, it follows that 


\Mf,g)\ < E 


+00 


[2 C{E,a)C 2 N] 1 


i= 1 


n 


tOL 


ll/llL 2 ( m )IHI L 2 (m) * 


Finally, we can find a constant Cat > 0 such that \l n (f,g)\ < -^§H|/||i, 2 ( m ) IMIxhm) for any 
positive integer n, which concludes the proof. □ 

We now deal with more general functions on which we will have to impose some condition 
of smoothness in order to still have a speed of mixing. More precisely, in the estimation of 
Z„ (f,g), we will consider a large class of infinitely differentiable functions for / which satisfy 
some integrability condition and for g, we will deal with a more restrictive class of functions 
which contains the class of polynomial functions. It is the object of the next section to define 
these classes of functions. 
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5.2 Regularity and Fourier coefficients 


In this section, we consider an infinitely differentiable function / : H 
the assumption that 


and we make 


in 


|-D fc /(x)|| dm(x ) < +oo for any nonnegative integer k, 


(5.1) 


where the fc-linear form D k f is the k th derivative of the function /. Recall that the norm 
11 • 11 of a bounded fc-linear form f is defined by 


11011 = sup \(/)(xi,...,Xk)\. 
Ilzlll<l,-,INII<1 


(5.2) 


We write our function as in EO, that is / = J2k>o where fk '■= 'P-.gkJ is given by the 

expansion (|4.7I) . Our hrst task is to get informations on the coefficients - fc of ff. in this 
expansion. 

Lemma 5.2. For any positive integer r and any r-tuples (j\,... ,j r ) and of 

integers such that j\ < ■ • • < j r and i\ + • • • + i r = k, we have 

Dk f(x){tji,. t jr ) dm(x). 


(k) 

a ■ 


£ x \ ... £ r \ 

V V V V 1 1 


'H 


£r times 


t\ times 


t r times 


Proof. Recall that the coefficient is given in R.8D by 

(fc) = (/,= (%,-)) <1 -..(% l ^ = ) tfM 

var m [ : (JRe^, -)) ei ... (SRe(ej r , -)Y r : ] 

times tr times 

and we already know from Proposition 14.81 that 

var m [ : ^Rz{t hr )) h ... {y\z{z jr ,-)f r : ] =£i\...£ r \< 

In this proof, we assume that all the integers ji,.... j r are positive, that is to say 0 < 
j\ < • • • < j r . The computations are the same when one of the integer is negative. We 
now compute (/,: (fHe(e J1 , ■)Y 1 ... (JHc(e Jr , • )Y r ')L 2 {m) by using integrations by parts with 
respect to the Gaussian measure m on H. To do this, we decompose the Hilbert space H as 
follows: 

r +1 






t =i 

where Hi = spanfo ; 1 < j < j i], H 2 = span[ej ; ji < j < j 2 ],—, H r = span[ej ; j r _i < j < 
j r ] and H r +i = span w [ej ; j > j r ]. Hence, we can write our Gaussian measure m as a finite 
product of Gaussian measures, that is 

r +1 

m = ^)m t 

t =l 

where m\ is the distribution of the Gaussian vector ((ei, •),... , [e ]1 , •)), m 2 is the distribution 
of 

((ej 1+ i, ■),..., (ej 2 , •)),..., m r -|_i is the distribution of ((e*, j)i>j r - Then we can write that the 
scalar product (/,: (f)\c(ej 1 , ■))* • • • -)Y r ■ > L 2 (m) is equal to 


in 


fix) : (fHc(e J1 , -)/ 1 ... (fRt(e jr , -)) £r ■ (x)dm(x) 


In 1 JHr+l 


fix) : (^(ejj, -)) h ■ ■ ■ i^c(e jr ,-)Y r ■ (x) dmi(xi).. . dm r+ i(x r+ i) 


[ ••• [ fix) : (IRe^j,-))^ : (xi) • • • : i*Rt(e jr ,-)Y r ■ (x r ) dmi(xi)... dm r+ i(x r+ i), 
Ini Jn r +i 
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where the last equality comes from Fact 14.91 We now fix (x 2 , ■ ■ ■, x r+ \) in % 2 x ■ ■ ■ x 'H r + 1 
and we compute 

a hA := / /( x ) : : (xi)d?ni(xi) = f f(x 1 + () : {VKz(e jl ,-)) h : (xi)dmi{x{) 

JHi JHi 

where Q := x 2 H-hs r +i- But we know from 1|4.5D that : (^(e^, -)) £l := crjj 

Then, since m\ is the distribution of the Gaussian vector ((ei, {ej 1 , •)), we get 


a ii/i ,T ji 


n f 2 f(^2t s e s + iJ2t s e s +t 

Jm.^1 V S=1 S=1 


n*n+C jHtA-f- 
J vcr i i 

x d(7 CT1 (8) 70 -!) (ii, ) • • • (2(7^ ® 7o- 31 ) (An, * 




ji-i 


ji 


We now fix (ti,..., _i, t \,..., tj 1 _ 1 ,tj i ) in M 2 - 71 1 and we put ui := t s e s + i i s e s + £. 

S=1 S=1 

The only integral we really need to compute is 

t_\ -t 2 / 2rr 2 dt 

T ii • 


1 ■= [ f( te ji+ UJ )Hi 1 (—)d'y jl (t)= [ f(te h +u)H h 
Jr v Th 7 4 k 


t 2 / 2ct 2 

e ' u 


u 


ji 


V2tt 


= [ f( a ji se ji UJ )H^ 1 (s)e s2/2 dS 


\/27r 


By considering the expression of the Hermite polynomial which is given in Proposition 
m and integrating by parts i\ times, we have 


X=(- 


(-1) 4 f f(a jl se jl + u>) 
Jr 


d h 3 _ s 2 /2 ds 


ds^ 1 


V2vr 


= ojl I D h f{aj 1 8e jl +u}){e jl ,...,e jl )e ^ 12 


t\ times 




= oji J D ll f(te h + u)( e h ,. ■ ■ ,e h )e * ,2a i 


-t 2 /2rr 2 dt 

31 


<7 


t\ times 


31 


V2^ 


ji-i 


n 


So we conclude that 

a h A = a n l / L> ei f l t s e s + i Yj s e s + t h e n + ( ) {e h ,...,e h ) 

4k 2 u V ^ ^ ) 

x d(7<n ® 7<ri) (*i > 4) • • • d(7 CTjl ® 7^) (Ah, 4)> 
and then the scalar product (/,: (IKe^q, •)) £l • • • -)) 4 : > L 2 (m) is equal to 

4 1 / ■■■/ D^f(x)( ejl ,..., ejl ) 

JHi JUr+1 

x : (d\t(e j2 ,-)Y 2 : (x 2 ) • • • : (lHe(e Jr ., -)) £r : (x r ) dm 1 (x 1 )... dm r+1 (x r+1 ). 


a 


Secondly, we do the same thing for 



e^) : (JKe(e,- 2 , -)4 : (x 2 )dm 2 (x 2 ) 


and we find that this integral is equal to 


er 


2£ 2 

J2 


f D^f(x)( ejl ,. 

Jn 2 '- 


hn > 


£l times 


e j2 ,... ,e j2 )dm 2 {x 2 ). 

< -v- 

£2 times 
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(5.3) 


At the i th step (1 < i < r), we easily obtain that 


(fr. ...(mt(e jr ,-)Yr :) L2{m) 


<#■■■*? 


is equal to 


D e i+-+ t if( x )(e jl ,..., e h ,..., e jif ..., e jt ) 


JHl JHr+l 

x : («Hc(ej- t , •)) lt : (x t ) dmi(xi)... dm r+ i(x r+1 ), 

t=i +1 

and finally, since l\ + • • • + t r = k, we find that (15.31) is equal to 

D k f(x)(e jl ,. ..,e jl ,...,e jr ,..., e jr ) dmi(xi)... dm r+ i(x r+1 ) 


'Hi JU 


■r+1 


i\ times 


t r times 


= / D k f{x){ fj i, ■ ■ ■, eji; • • •, e>, ■ ■ •, e> ) rfm(x), 

times times 

which proves the lemma. □ 

Remark 5.3. In the sequel, we denote by D k f(x) dm(x) the /c-linear form defined by 

/ D k f(x) dm(x)(xi,... ,x k ) := / D k f(x)(x 1 ,... ,x k ) dm(x) 

Jn Jn 

for every vectors x\,... ,x k oiPL. 

Further on in the proof, we will need to write a function f k in : Q k : in a way which is a 
bit different from (14.71) . We now expand f k as 


fk = 


fk) 


: ^e(eq,-)...iHc(e ifc ,-) : 


(5.4) 


where this sum is taken over all the fc-tuples [i\,... ,i k ) of integers different from zero. The 
difference with the first decomposition (14.71) is that each Wick transform 


: 94c(eq, •) • • • 9ve(ej fc , •) : 

(k) 

appears several times and so that the coefficient i comes from all the coefficients 

a) , . i , where a is a permutation in & k such that i a (D < ■ ■ ■ < i a i k \. More precisely, 
(k) 

the computation of is given by the next proposition. 

Proposition 5.4. For any k-tuple (*i,..., i k ) of integers different from zero, we can find 
some integers r, j\,j r and l\,...,l r such that the set {i\,... ,i k } is equal to the set 
{j i,... ,ji, •••)>)■• ■ ,jr} where ji < ■ ■ ■ < j r and i\ + ■ ■ ■ + i r = k. Furthermore, 

'-v-" '-v-' 

t\ times l r times 



? f'k 




£-1 times 



£r times 


(5.5) 


Proof. The only thing we really need to prove is (15.51) . It is based on the following combina¬ 
torial fact. 
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Fact 5.5. The number of k-tuples (i\,... ,ik) in (Z*) fc such that 


{® 1 1 ■ ■ ■ lik} — { jli • ■ ■ i j\ t • • • j fri ■ -J 1 Jr } 
times t r times 


is equal to 


k\ 


Proof. We want to compute the number of fc-tuples we can produce with l\ integers ji,..., 
i T -\ integers j r -1 and i r integers j r , where j p / j q when p / q. The number of different 
positions of the t\ integers j\ in a fc-tuple is exactly ). Then, for the £ 2 integers j' 2 , there 
are k — i\ positions left, that is ( k f 2 ’) possibilities. At the end, for the t r integers j r , we 
have only ( fc_ H—•— r-i^ = 1 possibility. Hence, the number of /c-tuples we have is 


k-e 1 

h 


k — i\ — ■ ■ ■ — l r -] 


L 


k\ (k-£ 1 )! 

h\(k-h)\' e 2 \(k-e 2 y. 

k\ 

£ 1 !... e r v 


(k-i x - e r -i)\ 

e r \(k-e 1 - e r )\ 


since l\ + • • • + l r = k. 


□ 


We can now conclude the proof of Proposition 15.41 since our new coefficient a \ ± ' i is the 


coefficient ( 1 ^ 


J 1 5 • • • ? JlvJr? ■ 
✓ ^ 

i-^ times ir 


k} 

Or divided by lyfiy 


□ 


The sequence of coefficients i k ) i k )<z(z*) k ex P ans i° n (15.41) satisfies a prop¬ 

erty of symmetry which is defined above. 

Definition 5.6. A sequence of real numbers is said to be symmetric if 

for every permutation a in ©*., c*z er ( 1 ),...,i 0 . Cfc ) = for any /c-tuple (*i,... ,iff) of integers 

different from zero. 


The reason we consider this new expansion (15.41) is that the symmetry of the sequence 
of coefficients defined in (15.51) enables us to define a symmetric fc-linear form associated to 
fk by setting 


B fk : £ 2 (Z*,M) x x £ 2 (Z*,] 


(5.6) 


v'Au )i isz * 1 ‘ > \ ik )i k £Z*J 


( k )\ 

h )i k ez* 


E 

(*l,... J tfc)6(Z*)fc 


(1) (fe) 
o ' j ad ' ...x\ . 


Remark 5.7. When the fc-linear form Bf k is well defined, that is to say when the series 


E Jk) 

(il,...,ifc)e(Z*) fc 


(1) (fc) 

O ' jX '... 3 : ' 

t, lvj b k b \ b k 


is convergent for every vectors ... , x( fc ) in £ 2 (Z*,R), then it is easy to prove by using 
the uniform boundedness principle that this fc-linear form is bounded. 

We recall that the multilinear form B f k is continuous at zero if and only if it is bounded on 
TL, that is if there exists a positive constant C such that for every (x^) iigZ „,..., (x^) 
in £ 2 (Z*,M), we have 


E 

(ii,...,i k )e(Z*) k 


(fc) (1) (fc) 
a U i t x i, 

*•1 i mm ‘i b k b k 


< Cllx^l 


,(*)! 


12 ’ 


23 











where ||xW ||2 := ]T pgZ * | Xp\ 2 . The important result of this section is the connection between 
the A;-linear form Bf k and our infinitely differentiable function / which satisfies (15.11) . We 
introduce the unitary operator d which is defined by 


d:£ 2 (Z*,R) —>n 
x —»• 


x j c j 


+ OO 

^2( Xj + ix-j)ej. 
3 = 1 


The &:-linear forms may exist if / is not infinitely differentiable. But in the case where 
our function / is infinitely differentiable, we can give an integral representation for Bf k . 

Theorem 5.8. For any positive integer k, we have the following expression for the k-linear 
form B fk : 

... ,x (fc) ) = f D k f(x)(d(x^),...,d(x^ k) ))dm(x) 

fc! Jn 

for every x^ 1 ), ..., x^ € In particular, Bf k is bounded and 


Bf k \l = T7 


k\ 



D k f(x) dm{x) 


where the norm || • || has been defined in m • 

Proof. It follows from Lemma [5721 and (15.51) that for every r-tuples (ji ,... ,j r ) and [£\,... ,£ r ) 
of integers such that ji < ■ ■ ■ < j r and £\ + ■ ■ ■ + £ r = k, we have 


(k) 

a ■ 

Jl 5 • * * 1 3\y"ijr i 

times 


£ x \...£ r \ 


1 


k\ 


£ x \...£ r \ 


'H 


D k f(z) dm(z)(t jl ,. t jr ) 


t\ times 


t r times 


i 

fc! 


'n 


D k f(z ) dm(z)(t jl ,. z jr ). 


i\ times 


t r times 


Since the sequence (a^ ifc ) ^ ik ^ e ^ z *)k is symmetric, we can deduce that for any (*i,..., i^) 
in (Z*) fc , 


a 


= y [ D k f(z)dm(z)(z il ,...,z ik ). 


n 


m 


Then, for every xi 1 ) = • ■ ■ i x ^ = { x i^)i k& z* * n ^2(Z*,R), we have 


Bf k (x^\... ,x^) = ^ a;/ ■. xy 'x 


« T (i) T (*) 

h " ik 


^ E / T> fe /(«)dm(z)(cii,...,e i JxJJ ) ...: 
(i lr ..,i k )e(z*) kJn 

h [ D k f(z)dm(z)(d(x (1) ),...,d(x (k) )) 


,(fc) 


fc! 


IH 


and the theorem is proved. 


□ 


With the conditions of regularity we presented in this subsection, we can prove a result 
about the speed of mixing for functions which satisfy the integral condition (15.11) . 
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5.3 Speed of mixing in the spaces : Q k : 

Before stating the general result, some estimations are needed. The first of these, which 
is essentially based on Parseval’s theorem, will give the rate of mixing term in the main 
theorem. 

Lemma 5.9. For every positive integer n, we have 

o < z»(ll • II 2 , II • II 2 ) < ll-Elll, (5.7) 


where by definition ||E '||\ = / ||£'(A)|| 2 dfr(X). 


Proof. Recall that the correlation X n 


12 II N2) 


is defined by 


|2 || 112 


) = J \\T n x \\ 2 \\ x \\ 2 dm(x) — (^ J ||x|| 2 dm(x)^j 


and that we can rewrite it in a more tractable way as 


2n ll-ll ,1 


|2 II ||2 ■ 

( k/)eN 2 

We now compute each integral 


)= 'Yh [ \( e ki T71x )\ 2 \{ei,x)\ 2 dm{x) - f f \\x\\ 2 dm(x) 


\{e kl T n x)\ 2 \{ei,x)\ z dm{x) 


In 


by splitting the two factors of the integrand term into real and imaginary parts. Since for 
every vector x of R, we have 


(£Hc<ar, -)) =: (*Ke(®, •)) :+a x , 


(5.8) 


we easily find, by using the isometry (|4.4I) between ( : Q 2 :, (-, -) L i/ m )) and (G@, (-, •)©) and 
(13.111 . that 


In 


(9vc(e fc ,T n x)) 2 fifte(ei,x)) 2 dm(x) = ^(d\e(RT* n e k , e e )) 2 + ala 2 . 


(5.9) 


Furthermore, since Dm(e^, ■) = 9\e(iee, •), we deduce from (15.911 that 


in 


fiRc(e k ,T n x)) 2 (3m(et,x)) 2 dm(x) = -(fi\c(RT* n e k , iefi}) 2 + a k aj 

= ipnt (RT* n e k , ef)) 2 + a 2 k aj. (5.10) 

By using the same method, we get 

[ (Dm (e k ,T n x)) 2 (fKe(e<>, x)) 2 dm(x) = ^(Dm (RT* n e k , efi)) 2 + a k a 2 (5.11) 

Jn 1 


and 


In 


(Dm(e fc , T n x)) 2 (Dm (e e , x )) 2 dm(x) = -fiRt(RT* n e k , e e )) 2 + ala 2 . (5.12) 


We can deduce from ([5.91) . (15.101) . (15.1111 and (15.1211 that 

[ \(e k ,T n x}\ 2 \{et,x)\ 2 dm(x) = \{RT* n e k ,et)\ 2 + Aa 2 k aj. 

Jn 
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(5.13) 


Finally, since \ \ ■ | | 2 dm = 2 Ylj>i a j > we get 

2n(||-|lMl-H 2 )= E \(RT* n e k ,e £ )\ 2 . 

(M)eN 2 

We now need the integral representation (12.311 of {RT* n ek, ei): for any positive integers k 
and £, we have 

(RT* n e k ,e e ) = J X n (e k , E(X))(e t , E(\)) d/i(X) = (e k , X n (e,, E(X))E(X) d//(A)), 
and by the Plancherel theorem, 


+ 0O 

)=£ x 

1=1 


X n (e e ,E(X))E(X)d^X) 


We need to estimate the Fourier coefficient c n = f T X n (ee, E(X))E(X) dfi(X) which appears in 
this equation and the way to do this is the same as in the proof of Proposition 12.91 For any 
6 , we put 9 n := 9 + ^ and we have 


Cn. — 


p2tv 

L ' 


AnO 


{e e ,E(e id ) - E{e ie ^))E{e ie ) + (e e , E(e ie ™))(E(e ie ) - E(e i6n )) 


d9 


J 2vr 


Then ||c n || 2 is less or equal than 


r-27r 


(e e ,E(e id ) - E(e ie "))E(e ie ) 


d9 

2n 


< 


r 2ir 


\(e e ,E(e ie )-E(e ie "))\ 


+ 

\\e \\ 2 


r 2n 


(e e ,E(e ie "))(E(e ie )-E(e ie -)) 


d9 

27T 


2 d9 |, I _ ll ,2 


2vr 


p2tv 

+ \(e e ,E(e ie "))\ 2 \\E(e ie )-E(e 

Jo 


,i'@n 


i'S) 


where the last inequality is a consequence of the Cauchy-Schwarz inequality. Since the 
T-eigenvector field E is a-Holderian with Holder constant C(E), we conclude that the cor¬ 
relation X n (|| • || 2 , || • || 2 ) is less or equal that 


r 2n 


|| E(e id )-E(e 


iOn 


I ll £ "H 


2 J2a 


C(E) 2 7T 
2n 2 " 


\\E\\l< 


C(E) 


2 n 2a 


n 


2a 


mi 


□ 


This lemma shows that the sequence of correlations decreases to zero with speed n~ 2a if 
we consider the square norm function. Moreover, in the same way as in Fact 14.151 we have 
(R.T* n e k , e,£) = 2 a 2 (e k , T n eg) for any positive integers k, L Then we deduce from (15.131) 
and the conclusion of Lemma [5791 that the sum Ylk>i a k ||^ n efc|| 2 tends to zero as n goes to 
infinity. More precisely, we have the following corollary. 

Corollary 5.10. For any positive integer n, we have 


+oo 


^4||T"e fe || 2 < 


C(E) 


2 yj-2 a 


k =1 


4n 2a 


ll^ll 


The next lemma says that if we replace aj by aj in the sum which appears in Corollary 15. 101 
then this sum remains uniformly bounded in n. 
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Lemma 5.11. For any positive integer n, the series ^2k>i a k ||^ n efc || 2 convergent. More 
precisely, for any n > 1 , 

+°° || T7i| |2 


E^H rrl ^l| 2 < 


IM 


(5.14) 


k =l 


Proof. Since Re k = 2(i^.e k for any positive integer k, the intertwining equation TK = KV 
gives us 


2 a\ T n e k = T n KK*e k = KV n K*e k = 


e k = [ A n (e k ,E(X))E(X)dix(X). 

J T 


Then, for any positive integer k, we define the function u k := anc i we g e ^ w applying 

the Parseval theorem in (R, (■,■)) that 


+oo +oo „ 

2^^||T"e fc || 2 = X; / 

fc=i k =i h 


.(e k ,E( A)) 


fc=l 
+oo +oo 




E Ejt A n w fc (A)(ep,.E(A)}dju(A) 

'-=i P =i •' T 

V [ X n iv k (X)(e p ,E(X))dp(X) 
“A,, J T 


(fc,p)eN 2 

By Corollary 13.31 the sequence (wfc) fcgN is orthogonal in L 2 (T, /i) and for any positive integer 
k, the norm of eo k in this space is equal to 1. Hence, if we denote by & ntP € L 2 ( T,/z) the 
function A i->- X n (e p , E(X)), the Bessel theorem in L 2 (T,p) gives us 


+oo 

£ 

k =1 


w fc(A)$n,p(A) d/r(A) 




[ |A n (e p , E(X))\ 2 dp,(X) 
J T 

[ \(e p ,E(X))\ 2 dfi(X). 

J T 


Hence, we can conclude that cr 2 ||T n efc|| 2 < \\E\\\ for any positive integer n. 

To finish, we need an estimate of the moments of the measure m. 

Proposition 5.12. For any positive integer k, we have the following estimate: 


□ 


f \\x\\ 2k dm(x) < k\\\E\\% k . 

Jh 


>h 

Proof. The case k = 1 is important for the rest of the proof. It is a consequence of Corollary 

m 

+oo 


[ \\x\\ 2 dm(x) = 2^ct 2 = \\E\\l 
JH j=l 

We now fix a positive integer k. We expand our integral as 

[ \\x\\ 2k dm(x) = [ I( e ji j :c )| 2 • • • I ( e jk i x )| 2 dm(x) 

JH ^ JH 


0i,-Jfc)6N fe 

and we need to estimate the integrals 


/ I( e jT 5 | 2 • • • \ { e jki x )\ 2 dm(x). 

JH 
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Each integral can be written in the form 

[ l<e*i, a:)! 2 ^ 1 ■ ■ ■ \(e ir , x)\ 2£r dm(x) 

Jn 

where r € {1,..., &}, {l\, £ N r with t\ + • • • + t r = k and *!<■■■< i r . It can be 

proved that 


\(y,x}\ 21 dm(x) = i\[ I \(y, x)\ z dm(x) ) =i\2 l a: 


in 


m 


o i J2i 
V 


for every vector y of U and any nonnegative integer i (see for instance m, Chapter 1). But 
the random variables (e^, •) are independent by Proposition 13.11 So we deduce that 


>H 


|(e il ,x)| 2fl .. .\(e ir ,x)\ 2£r dm(x) = f[f \(e it ,x)\ 2£t dm(x) = (£ t ! 2 £t a 2£t ) 

t =i t =1 


n « 2 




.*=i 


since l\ + ■ ■ ■ + t r = k. We now use the inequality i\ j\ < (i + j)!, which is easily seen to be 
true for any nonnegative integers i and j, and we get 


[ | (e h , x) \ 2h ... | (e ir , x)\ 2£r dm(x) < k\ 

Jn 

Eventually, we find that 


f \\x\\ 2k dm(x) < k\ 2 k Y"' 

Jn ,. 


2 k a 2£l ...a 2£r 


+00 v k 


2 2 
a h ■ ■ • a j k = 


Chr-->.h)eN fc 


*!( 2 E°i) = kl \\ E W 2 2 

3 = 1 


2k 


□ 


By using the estimate of Proposition 15.121 we can prove that, given a function / in 
L 2 (U,B,m ) such that the multilinear forms Bf k are bounded (where / = YY>o* s the 

Wiener chaos decomposition of /), then the series Y(q i k )e(z*) k \ a i^ 

convergent. In particular, it is the case when the function / is an infinitely differentiable 

real-valued function on J~L which satisfies condition (15.11) . 


Corollary 5.13. Let f £ where fk is written as in ([5. 41) such that the multi¬ 

linear forms Bf k are bounded. Then the series Y) 


i fc )e(z*) fc 1°-' 


(k) 

h, 


|2 2 2 

< ■ ■ ■ con¬ 


vergent for any positive integer k. More precisely, we have the following estimate: 


E 


a. 


(fc) 


I 2 


I 




2(fc—1) 
2 


(5.15) 


Proof. In order to get this estimate, we consider the quantities 
$k ■= 


E / ( E : : (®)] dm(x). (5.16) 

46 Z* Jn Vii,..,i fc _,)e(z*)*- 1 2 


First, we give an upper bound of Sk and secondly we compute explicitly this quantity. Recall 
that for a positive integer j and for a function g in Q ' J , the Wick transform of g is defined by 
: g := (Id-Vj)g, where Id is the identity operator and Vj denotes the orthogonal projection 
onto span i K < -^’ B,m ' ) [Q l ; 0 < i < j — l]. Since the functions !SRe(ci 1 , •)... 9 c te(e* fc l , •) belong to 
G k ~ 1 , we have 


S k = Y 

i k ez* 

s E 

ifeez* 


(Id - V h -{) ( Y, ’•)••• ^ e ^-i • 

(ii,...,4-i)e(z*) fe - 1 

(il,...,ifc_l)e(Z *) fc - 1 i2 ( m ) 


2 

L 2 (m) 
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Now, the upper bound comes from the boundedness of the fc-linear form Bf k . Indeed, for 
every vectors x,z of 7i, we know that 


a hl;ik ^ e ( e h ’ x ) ■ ■ • ^ C ( e h-1 > > z ) 

(*i,—,*fc)e(z*) fc 


< ll%IIIWI fc Mkll- 


By taking the supremum over all the vectors z in the closed unit ball of H, we get 

!»*)) < ll%H 2 |M| 2(fc-1) - 

h-6Z* (ii,...,i fc _i)e(z*)fc-i 

Then, we deduce from the beginning of the proof that 

S fc <||%|| 2 [ ||x|| 2 Mdm(x)<(A:-l)!||I3 / J| 2 || J B||f- 1) , (5.17) 

Jh 

where the last inequality results from Proposition 15.121 The second part of the proof consists 
in the computation of Sk- We expand Sk as 


s ‘= E E 

(ii.-Jfc-l)6(Z*) fc - 1 


(fc) (fc) 

O'- • • QT• 

—lj^fc 


x f :D\c(e il ,-)...D\c(e ik _ 1 ,-):(x):^e(e jl ,-)...yie(ej k _ 1 ,-):(x)dm^x) (5.18) 
Jh 

and the computation of the integrals (15.181) is given by the following combinatorial fact. 
Fact 5.14. The integral 

( : ,•)... lHe(ei fc _ 1 , •) : (x) : ,•)... , •) : (x) dm(x) 

Jh 

denoted by T(h ,..., ik-i ] j i, ■ • •, jk-\) is nonzero if and only if there exists a permutation r 
in &k-i such that for every integer i in {1,..., k — 1}, ii = j T ((\. 

Proof. This result is a consequence of Proposition 14.141 Indeed, for n = 0, this proposition 
gives us that 

X(ii,..., ifc —i ; Ji> ■ ■ • > Jfc—l) — cr j 1 ■ ■ ■ a j k _i 'y ' -^ e ( c u j c j't(i)) ■ • • > e E(fc-i) )• 

re6 fc _i 

Then, the integral is nonzero if and only if there exists a permutation r in &k ~i such that 

^ e ( e h> e E (1) ) ■ ■ • 9Tc<c ifc _ 1 , c^ (fc _ 1) > / 0 

since each term in the sum above is equal to 0 or 1 by the orthogonality of the sequence 
( e ^)feN- This means that for every integer £ in the set {1,..., k — 1}, ii = j T m. □ 

We now proceed with the proof of Corollary 15.131 Fact 15.141 above allows us to rewrite Sk as 

..(*) I 2 


5 ‘= E E E 

46Z* (i 1 ,...,i k _ 1 )e(z*)*-i _(j'i.- ; -Jfc-i)e(z*) fc - 1 

pi,..., ik-l} = {jl, — ,jk-l} 


a. 


—1 >**: I 


x f : <Rc{z h ,-)... l , •) : (x) : ^e{e h ,•)... iHe(e ife _ 1 , •) : (x) dm(x) 

Jh 

since the sequence (a^ i k )[ Ll 4)e(Z*) fe * s s y mme t r i c - A (k — l)-tuple of integers different 
from zero (*i,..., ik-i) can be written as {*i,..., ik-i} = {^i,..., £i,..., £ r ,..., £ r } where 


pi times 


p r times 
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1 < r < A; — 1, pi + ■ ■ ■ + p r = k — 1 and with t v ^ l q when p / q. Then for any (j i,..., jk-i) 
in (Z*) fc_1 such that {ii,... ,ik-i} = {ji, ■ ■ ■ ,jk- 1 }, we know from Proposition 14.81 that 


I(il, . . • , ik—l > jli • ■ ■ j jk—l ) — ■ • • , ^1 5 • ■ ■ , (>ri ■ ■ ■ j &r > -^1) • • • j -^1) • • • j 4-ri ■ ■ • j ^r) 

'-v-' '-V-' --v-' '-v-' 

pi times p r times p\ times p r times 

= var m [ : (5Ke(eq, -)) P1 ... (SKe(e* r , -)) Pr :] 


= T)i ! 


PV ■■■Pr'- 


I n 2 ’ 1 ' . . . of 


But we know from Fact 15.51 that the number of [k — l)-tuples (ji, ■ ■ •, jk- 1 ) such that 
h- 1 } = {ji, ■ ■ ■ ,jk- 1 } is equal to • Then we deduce that 


Sk = (k- 1)! 

(h,..., ifc)e(z*) fc 


a 


(fc) 12 2 


*1 


(T,;, . . . (J, 


^k — 1 5 


and the result follows readily from (15.171) and (15.191) . 


(5.19) 

□ 


At this stage, we are able to prove the main result which gives the rate of mixing in each 
space : Q k 

Theorem 5.15. Let fk,gk be two functions in the space : Q k : such that the k-linear forms 
Bf k and B gk are bounded. Then, for any positive integer n, we have 

\in(h,g„)\ < k\ IIEII ?- 1 IIS/JI ||Z? a J|. 

Proof. As usual, we write the functions fk and gk as in (|5.4I) (with coefficients fff - fc for 
gk) and we have that the correlation I n (fk,gk) is equal to 


E 


a. 


(fc) 


P 


(fc) 


*1 ^31,■■■,3k 


(■ii,...,ifc)6(Z*) fe 
(31 -,3k) 6(Z*) fc 


x [ : 91e(eq, •)... 9 e tc<c ifc , •) : (T n x) : 91e(eq, •)... ■) : (x)dm(x). 

Jn 


The integrals above have been computed in Proposition 14.141 


'T n {fk- I gk) — 5 "j 'y "j 

r&e k (q,...,q) e ( 

Ol -,3k) 6( 


a. 


(fc) 

h,~ 


• B {k) 

M Elr- 


,3k a 3l 


. G 


Jk 


Xc(c il ,T n z jTW )...Xc(z ik ,T 




* 

t'jk 


Since the sequence j fc )(ji j fe )e(z*) fc * s symmetric, we obtain that I n (fk,gk) is equal to 


k '- E 3 h!-jk a h ■■■< > r %> ■ • • ^ 

(il,-,ik) 6(Z*) fe 

th ...jfc)e(Z»)* 

C7i.-jjfc)e(z*) fe (n,...,i k )&(z*) k 

We now use the triangle inequality and the boundedness of the /c-linear form £>: 

|-^n(/fc) hk )| 

E I4U4-4 E 


C7ij-jJfc)e(Z*) fc (ii,...,i k )e(Z*) k 


v 3 ll 


<*'||8/J| E ICEJ4'--4iir"<) 

(ji,-ij'fc)e(z*) fc 

= «I|8/JI E ■■<%-.) KIP 

(ji,-iJfe)e(Z*) fc 


|T n c 


■j*; i 


e 4l 11 ■ ■ ■ a 3k-l\\T e 3k-l\\ a j k \f e 3k I 
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Then, the Cauchy-Schwarz inequality gives us that \'I n (fk, (jk)\ is less than 

«iib a ii( \; |/3'LJ 2 4-4-,) ,/2 

\ (fc—l)/2 / \ 1/2 

E4ii T ”'iin (E4ii^n 2 ■ 

jez* ^ \j G j* / 

We conclude the proof by using Corollary 15.101 and the estimates ()5.14l) and (15.1511 : 

\In(h,gt)\ < *1 ||E||f-i ||B,,|| ||B m ||. 

□ 

With this result on the rate of mixing in each space : Q k we can prove a general result 
on the rate of mixing for regular functions in L 2 (TL,B,m) by considering the Wiener chaos 
decomposition HB of our functions. 

5.4 The rate of mixing theorem 

It is now time to define the spaces of functions which will be used in our main theorem. 
We denote by X the space of real-valued functions / in L 2 (TL,B,m) such that the series 
Ylk>o ||£’/J| 2 convergent, where Bf k is the L-linear form (15.61) associated to the component 
fk of / in the Wiener chaos decomposition HU) of /: / = Y^k>ofk- We also introduce 
the subspace y of X of real-valued functions g such that all the multilinear forms B 9k are 
bounded and such that the quantity sup fc>0 k\ ||0 9fc || is finite. We then endow these two 
spaces with the norms 


/ +oo \ 1/2 

ll/ll* : = ll/lli 2 M+Ell%l | 2 and llfflly := IHIz 2 M + sup(fc!||B s J|). 

V k=0 J k>0 

Proposition 5.16. (*) The map || • \\x defines a norm on the space X and (X, || • \\x) is a 
Banach space of functions which is contained in L^(TL,B,m). 

( ii ) If f is a real-valued infinitely differentiable function in L 2 (H,B,m) such that the series 


£a 


\fn D kf( x ) dm ( x )\\~ 


Jk> 0 (Fp“ 

written as 


is convergent, then f belongs to X and the norm of f can also be 

12 s 


= (11 fl P \ \S H D k f(?)dm{x)\\ \ 1/2 

* ^11111L 2 (m) 2—/ (A:!) 2 J 


(in) The map || • ||y defines a norm on the space y and (T, || ■ ||y) is a Banach space. 
Furthermore, every real-valued infinitely differentiable function g in L 2 (TL,B,m) such that 


sup / 
k> o Jn 


\D k g(x)\\dm(x) < +oo 


(5.20) 


belongs to the space y. 

Proof, (i) It is straightforward to check that || • \\x defines a norm on the space X. We 
now prove that (X,\\ ■ \\x) is a Banach space. Let (f n )ne N b e a Cauchy sequence in the 
space (X,\\ ■ \\x) where the Wiener chaos decomposition of each function f n is written as 
f n = Ylk>ofn,k- We know that for all e > 0, there is an integer n e > 1 such that for any 
n ,m > n e , | \f n — f m \\ x < e and then that 

II fn- frn\\ L 2 {m) < € and 211 B fnk - B fmk 11 2 < e 2 for any n,m> n e . (5.21) 

k> 0 
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This shows that there is a function / in L^(TL,B,m), with Wiener chaos decomposition 
/ = E fc >o fk- such that (/n)neN is convergent to / in (L 2 (fR, B , m), || • || L 2 ( m )). Furthermore, 
the second inequality of (1 5.21 [i gives us \Bf n k — Bf m k \ | < e for any n. rri > n e and for all 
k > 0. Since the space of bounded fc-linear forms is a Banach space for the norm || • ||, it 
follows that there exists a bounded fc-linear form Bk such that lrnin-^oo | |£>/ n k ~ &k \ | = 0. 
If we expand B^ as in (15.611 . we easily see that By. = B^ for any nonnegative integer k. We 
now see that for any n> n e , we have 


+oo 


II/- fn\\ X = ||/- + E lift - ft,,, 


Ac=0 
12 


+oo 


- 11 /" - /»11W <■»> + E11 ■ft-,. - ft». JI s 2 ' 2 • 


m—>-+oo - 


fc =0 


This proves that the function / belongs to X and that the sequence (f n )ne N is convergent 
to / in the space (X, || • \\x), that is (X, || • \\x) is a Banach space. 

(ii) is an immediate consequence of Theorem 15.81 

(in) In the same way as in the proof of (i), we prove that any Cauchy sequence in (T, || • ||y) 
is convergent in this space, that is (y, || • ||y>) is a Banach space. Furthermore, the fact that y 
contains any real-valued infinitely differentiable function in L 2 (fH,B,m) satisfying condition 
(15.201) is a consequence of Theorem 15.81 □ 

Before stating our result about the rate of mixing, we point out some classes of functions 
which belong to the spaces X or y. Recall that an entire function f> : C —C is said to be 
of exponential type if there exist constants M and r such that for every r > 0 and 8 in M, 
\f>(re ie )\ < Me Tr . Letting At stand for the infimum of all such r, we say that the function f 
is of exponential type At (see [6j for more details on these functions). 

Proposition 5.17. (i) A polynomial in the elements £Hc, •) belongs to y. 

(ii) A square-integrable function f of the form 

f = cf(mt(t. N , d\c(c n ,-)), 

where 4> : M? N — > R is a real-valued measurable function, belongs to X. 

(in) Let f> : C —> C be an entire function of exponential type At such that At < (2||.ZTl 11 ) —1 . 
Then the function f = 9fc(0o || • || 2 ) belongs to X. 

Proof. Assertion (i) follows immediately from Proposition 15.161 In order to prove (ii), we 
show that \\f\\x can be controlled by ||/||L 2 (m) in this case. The function / can be written 
as / = Efc>o fk where 

fk= E <*t.., jk --Kc(c jl r)...Xc(t jk ,-): 


and with 


+oo 


ll/lli 2 (m) - E < +°°- 


k =0 


We now compute the norm ||/|| i 2 ( m ). For every positive integer k we have 


ll/fc|li 2 (m) - 


E 


(Ac) (Ac) 

(Y. • or- 

•1,-A JlrJt 


(h,...,i k )e({-N,...,N}\{0}) k 


x / : 9Tc<e il 9Te(e ifc , -) : (x) : 9Te<c J1 ,•)... 9Tc<c Jfc , -) : (x)dm(x). 

Jh 


32 








By using the same method of computation as in Corollary 15. 131 we obtain 


\\fk\\ 2 L2 {m) = k\ 


E 


a 


(fc) 


^ 2 2 
(7a ^ ... ( 7 , 


Ik * 


+oo 


a. 


and then 

n/iih( m) = E‘ ! E 

(*l.4)€({-JV.«}\{0})* 

Furthermore, the fc-linear form is defined by 
B,_(x (1) ,...,x < ‘ ) )= 


(fc) 


V 


U,I *1 


(fc) (1) 

a u ik X U 

fc lV5 L k 6 1 


, u 


lk ' 


(fc) 


(5.22) 


for every vectors ajW,... ,x^ in f(Z*,M) and the Cauchy-Schwarz inequality gives us 

/ \ >/2 




E 

.(ii,...,i fc )e({-7V,...,iV}\{o}) fc 


a. 


(fc) 

^1 5 * * I 


We can conclude that 

+oo 


+oo 


Eii%ii 2 sE E 


a, 


(fc) 


^1 j I 


fc =0 


Let cr = min(fj_ 7 v, ■ ■ ■, &n)- Then <r fc < uq .. . <Tj fc for every A:-tuple («i, ..., i k ) belonging 
to ({—N,..., N} \ {0}) fc and the sequence (k\a 2k )k >o tends to infinity. Then there exists a 
constant Cjv > 0 such that kla 2k > CV for every positive integer k. It follows that 


+oo 


Eii%n 2 scy 


2 

L 2 (m) ‘ 


fc=0 

This proves that ||/||^ < (1 + C^- 1 )||/||| 2 ( m ) and that / belongs to the space X. 

We now deal with assertion (in). There exist constants n < r < (2||^7|l^) -1 and M such that 
\(j)(re ie )\ < Me Tr for any r and 9. In order to prove that / belongs to L 2 (T~L,B, m), it suffices 
to show that the function e' r ddl 2 belongs to L 2 (^H,B,m) (recall that \\E\\\ = 2 X)fc>i°fc)‘ 
Since (|(e^, -)|)fcgN is a sequence of independant complex random variables, we have 


+oo , \ 2 +oo 

/ e 2r ^ 2 dm(x) = T\ ( / e 2T ^ ek ’ x )) 2 dm(x)) = TT 

Jh k=i K J fc=i 


k =1 
+00 


a k y/2TrJ 


e 22a k 


n i 


and this infinite product is convergent since the series Ylk>i °fc i s convergent, which proves 
that / belongs to L 2 (T~L,B,m). We are now going to prove that the infinitely differentiable 
function g = cf> o || • || 2 is such that the series X)fc>i(^-) _1 | | J^D k g(x) dm(x )|| is convergent 
(it will follow that / belongs to the space X). To do this, we expand our entire function cj) 
as 

<t>( z ) = E T\ zk - ( 5 - 23 ) 


fc> o 


We will need a characterization of functions of exponential type in terms of the coefficients 
a k - It is a well known result that an entire function written as in (15.231) is of exponential 
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type k if and only if lim ri _s > _|_ 00 |a ri | 1 / r! ' = k (see for instance i)- In particular, there exists a 
positive constant C such that for any nonnegative integer n, we have 

\o , n | < Cr n . (5.24) 

In order to compute the derivatives of g, we introduce the symmetric bilinear function A : 
n x 7~L —> R which is dehned by A{u,v ) = Y2k> 1 (9I c ( e fc; u)9ae(efc, v) + 3m(efc, u)3m{ek, u}). 
Then it is rather easy to see that the derivatives of g can be written as follows: 

n +oo 

D 2n g(x)(hi ,..., h 2n ) = E 2 n+ iS 2j (x, hi,..., h 2n ) E ^^-\\x\\ 2k 

j =0 fc =0 

where for any j € {0,..., n}, S 2 j(x, hi,, h 2n ) is the sum of all the terms of the form 
A(x, hi 1 )... A(x, hi 2 j )A(hi 2j+1 , hi 2 ^ +2 )... A(hi 2n _ 1 , hi 2n ) 
with {*i,... , z 2n } = {1, • • • ,2n} and 

n +oo 

D 2n+1 5 (x)(/ il ,..., Wr) = E 2 n+J+1 S 2j+1 (x, hi,..., h 2n+ i) E a E.r +1 iHi 2fc , 

i =0 fc =0 

where for any j € {0,..., n}, <S 2 j+i(2b hi,..., h 2n+ \) is the sum of all the terms of the form 

A{x, hi 1 ).. • A{x, hi 2j+1 )A(hi 2j+2 , hi 2 . +3 )... A(hi 2n , hi 2n+1 ) 

with {ii,..., * 2 n+i} = {1,... , 2n + 1}. In order to estimate \D n g(x){hi ,..., h n )\, we need to 
compute the number of terms which appear in the sums 


S 2 j{x, hi,...,h 2n ) and S 2j+ i(x,hi 


i • • ■ j h 2n +i 


l) 


Since the number of partitions by pairs of a set of 2 p elements is equal to ^jr, we easily see 

that there is exactly Q") 2 1-7(~E)! terms in the sum 5 2 j (x, hi,..., h 2n ) and ( 2 ”+j) 2 1-E-]')! 
terms in the sum S 2 j+i{x, hi,..., h 2n+ i). Then, since \A(u, u)| < 2 | |u|| ||u||, we get for any 
hi,..., h 2n in the closed unit ball B of U, \S 2j (x, hi,..., h 2n )\ < ( 2 p 2 n^(J-j)\ 2n+j \\ x \\ 2j 
and then by using (15.241) : 


| D 2 n g(x)(hi,...,h 2 n )\<^ n+j (f) 

3=0 ^ J ' 


P("~ 


2 n ~i{n- j)\ 


k =0 


k\ 


< 


C(2n)!E 


3=0 


(4r) n +J ||x|| 2 J 
(n-j)! (2j)! ' 


By using the same method, we find that for any hi,..., h 2n +i in B, 

(4| |x| | 2 -7 +i 


\D 2n+1 g(x)(hi,..., h 2n+ 1 )| < C(2n + 1)! E \ 

3=0 ^ U 


(2 j + 1)! 


Then, we have 


^ 11 In D2n s{x) dm{x) | E ^ 

^ (2 n)\ - ° 

n =0 v J 

= C 


+oo n 

EE 

n=0j =0 
+oo 


(4 r) n +i \\x\\ 2 i 


(n-j)! (2j)! 
+00 


—— dm{x) 


= Ce 


In 


r e r||,||»g WMI) aJ dm(j;)| 
Jv 3=0 


4 T 


n 
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and in the 


same way, 


|| J H D 2n+1 g(x)dm(x)\\ 4t 
(o n - Ce 



We finally conclude that 


|| f n D n g(x) dm(x)\\ 
n! 


n\ 


< Ce 4T 


e T \\ x \\ 2+AT \\ x W dm { X ). 


According to the beginning of the proof, the integral e 2r ^ x ^ 2 dm(x ) is convergent and the 


function / belongs to the space X. 


□ 


Remark 5.18. It is not difficult to see that the space X is smaller than the whole space 
B,m). Indeed, we can take a function / in Q which is written as in Remark 14.41 
/ = X^fcez* ak 9^ e ( e fc>') where (ak)kez* is a sequence of real numbers such that a k a \ < 

+oo. It is clear that f = fi (in the Wiener chaos decomposition of /) and that HH/JI = 
l|( a fc)fcez *||2 which is not finite if the sequence (afc)fcez* does not belong to 

We finally state and prove our result on the decrease of correlations when we consider a 
function / in the space X and a function g in the space y. 

Theorem 5.19. Let T € B(TL ) be a bounded linear operator on Li whose eigenvectors as¬ 
sociated to unimodular eigenvalues are parametrized by a T -eigenvector field E which is 
p-spanning and a-Holderian as in Assumption \2.8 1 Then, there exists a positive constant 
C'(E) such that for any f £ X and g £ y, we have 


9)1 <^|1||/IU Hally 


for any positive integer n. 


Proof. We consider the Wiener chaos decomposition of the functions / £ X and g £ y, that 
is / = fk an d 9 = Y!k>o9 k i where fk,9k belong to the space : Q k Since the spaces 

: Q 3 : are orthogonal, we know that for any positive integer n, we have 



fc=1 


The functions fk and gk belong to the same space : Q k :, so we can apply Theorem 15.151 
Hence, by using the triangle inequality, we get 




where the series JJk>o I l-^l l^’ 2 can always be assumed to be convergent by taking, if neces¬ 
sary, a smaller Holder constant C(E). Then the result follows with the constant 



fc>i 


□ 
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By using the examples of functions we find in the spaces X and y in Proposition 15.171 
we can for instance deduce from Theorem 15.191 the following corollary. 

Corollary 5.20. Let T S Li whose eigenvectors associated to unimodular eigenvalues are 
parametrized by a T -eigenvector field E which is p-spanning and a-Holderian as in Assump- 
tion \2.A For any entire function (f> : C —> C of exponential type n < (2| \E \| 2 ) -1 and any 
polynomial p in the variables £He(e,, •), we have 

|| • || 2 ),p)| < || • H 2 )!!^ \\p\\ y 

for any positive integer n, where the positive constant C'(E) appears in Theorem 1 5. 19i 

Remark 5.21. In a more general situation, the T-eigenvectors of T £ B{LL) are parametrized 
by a countable family of T-eigenvector fields (see Remark 13.51 for the definitions of 

the operators K /j. and K). Under the stronger assumption that the series Yliei a l 11-^*1 b is 
convergent and that the T-eigenvector fields are Holderian with the same Holder exponent 
a € (0,1] (and with the same Holder constant C(Ef) := C), one can easily proves that 
Proposition 12.91 remains true, that is the sequence ((RT* n x,y)) n ^ is convergent to zero 
with speed n~ a (with the constant Cir a Yliei a i\\Ei \\2 instead of the constant C(E,a)). 
Then, it is not difficult to prove that Lemma 15.91 and Lemma 15.111 can be proved in this 
context and then that we have the same kind of result that Theorem 15.191 

5.5 Analytic T-eigenvector fields 

In many cases (see for instance Example 12.111 or various examples given in the book [5j on 
composition operators), a stronger regularity assumption on our T-eigenvector field holds 
true: the T-eigenvector field E is a vector-valued analytic function in a neighbourhood of 
T. In this case, the convergence to zero of the correlations X n (/, g) is exponential when the 
functions / and g belong to the spaces X and y respectively. More precisely: 

Theorem 5.22. Let T 6 B(Li ) be a bounded linear operator on LI whose eigenvectors as¬ 
sociated to unimodular eigenvalues are parametrized by a T-eigenvector field E which is 
p-spanning and analytic. Then there exists 0 < t < 1 and a positive constant D(E) such 
that for any f € X and g € y, 


\l n (f,g)\<D(E)t n \\f\\ x \\g\\y 


for any positive integer n. 

Indeed, the two only results where we use the fact the the T-eigenvector field E is regular 
(Holderian or analytic) is Proposition 12.91 and Lemma 15.91 Assume that E : T —> LI is a 
vector-valued analytic function (in a neighbourhood of T). Then there exists a sequence of 
complex numbers (c n ) ne z + such that E( A) = X^n>o c n^ ne n and there exist two constants 
t € (0,1) and M > 0 such that \c n \ < Mt n for every nonnegative integer n. For instance, if 
one rewrite the proof of Proposition 12.91 then he gets 


\{RT* n x,y)\ 


[ X n (x,E(\))(y,E(X))dp(\) 
J T 
+oo 

^ ] c q+n c q{x , Gq+n) {Vi e q) 

q =o 


< M 2 t n 


lly| 


by using the Cauchy-Schwarz inequality and since 0 < t < 1. Then we obtain the same 
kind of result as in Proposition 12.91 and the correlations decrease to zero with exponential 
speed. If we do the same thing with Lemma [5.91 we find that the correlations T n (| | • 11 2 ,11 • 11 2 ) 
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decrease to zero with exponential speed t n . With these two results, we can prove Theorem 
15.221 in the context of analytics T-eigenvector fields. 
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